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Abstract 



We introduce two new types of diagrams that aid in understanding elements of 
Thompson's group F. 

The first is the two-way forest diagram, which represents an element of F 
as a pair of infinite, bounded binary forests together with an order-preserving 
bijoction of the leavers. These diagrams have the same relationship to a certain 
action of F on the real line that the standard tree diagrams have to the action of 
F on the unit interval. Using two-way forest diagrams, we derive a simple length 
formula for elements of F with respect to the finite generating set {xq^xi}. 

We then discuss several applications of two-way forest diagrams and the 
length formula to the geometry of F. These include a simplification of a result 
by S. Cleary and J. Taback that F has dead ends but no deep pockets; a precise 
calculation of the growth function of the positive submonoid with respect to the 
{xo, xi} generating set; a new upper bound on the isoperimetric constant (a.k.a. 
Cheeger constant) of F; and a proof that F is not minimally almost convex. 

Next, we introduce strand diagrams for elements of F. These are similar to 
tree diagrams, but they can be concatenated like braids. Motivated by the fact 
that configuration spaces are classifying spaces for braid groups, we present a 
classifying space for F that is the "configuration space" of finitely many points 
on a line, with the points allowed to split and merge in pairs. 

In addition to the new results, we present a thorough exposition of the 
basic theory of the group F. Highlights include a simplified proof that the 
commutator subgroup of F is simple, a discussion of open problems (with a 
focus on amenability), and a simplified derivation of the standard presentation 
for F and the normal form for elements using one-way forest diagrams. 
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Chapter 1 

The Group F 



Thompson's group F is a certain group of piecewise-linear homeomorphisms of 
[0,1]. We define F in section 1, and prove an important characterization of 
its elements. In section 2 we introduce tree diagrams, an important tool for 
understanding elements of F. We go on to prove some of the basic properties of 
F in sections 3 and 4, and in section 5 we discuss various open problems, with 
a focus on amenability. Finally, we discuss several other approaches toward F 
in section 6, and show how they relate to our homeomorphism approach. 

None of the results in this chapter are new. However, we have endeavored 
to make many of the proofs simpler and clearer than in previously published 
versions. Furthermore, this chapter does not contain proofs for two primary 
results: the standard presentation for F and the existence of normal forms. 
Interested readers should look ahead to section 2.4 for a treatment using forest 
diagrams, or consult [CFP] for the traditional tree-diagrams approach. 

1.1 Dyadic Rearrangements 

Suppose we take the interval [0, 1], and cut it in half, like this: 







1 

2 



1 



We then cut each of the resulting intervals in half: 







1 

4 



1 
2 



3 
4 



1 



and then cut some of the new intervals in half: 



to get a certain subdivision of [0, 1]. Any subdivision of [0, 1] obtained in this 
manner (i.e. by repeatedly cutting intervals in half) is called a dyadic subdivi- 
sion. 

The intervals of a dyadic subdivision are all of the form: 



k k + 1 



k,n G 



These are the standard dyadic intervals. We could alternatively define a dyadic 
subdivision as any partition of [0, 1] into standard dyadic intervals. 

Given a pair V, TZ of dyadic subdivisions with the same number of cuts, we 
can define a piecewise-linear homeomorphism / : [0, 1] [0, 1] by sending each 
interval of V linearly onto the corresponding interval of TZ. This is called a 
dyadic rearrangement of [0, 1] 

Exeimple 1.1.1. Here are two dyadic rearrangements: 
It ^ i-r 





Xi 



Theorem 1.1.2. Let /: [0,1] [0,1] be a piecewise-linear homeomorphism. 
Then f is a dyadic rearrangement if and only if 

1. All the slopes of f are powers of 2, and 

2. All the breakpoints of f have dyadic rational coordinates. 

Proof. Clearly every dyadic rearrangement satisfies conditions (1) and (2). Sup- 
pose now that / is a piecewise-linear homeomorphism satisfying these two con- 
ditions. Choose N sufiiciently large so that: 

1. / is linear on each standard dyadic interval of width and 

2. The formula for each linear segment of / can be written as: 

f{t) = 2^{t+^^ m,keZ 

Let V be the subdivision of [0, 1] into standard dyadic intervals of width 1/2''^. 
Then / maps each interval of V linearly to a standard dyadic interval, and 
therefore maps V to some dyadic subdivision of [0, 1]. □ 
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Corollary 1.1.3. The set F of all dyadic rearrangements forms a group under 

composition. 

This group is called Thompson's Group F. 

Theorem 1.1.4. F is infinite and torsion-free. 

Proof. Let / be any element of F that is not the identity, and let: 

to-inf{te[0,l]:/(t)^O 

Then f{to) = to, and / has right-hand derivative 2™ at to for some m ^ 0. By 
the chain rule, the right-hand derivative of /" at to is 2™" for all n € N, hence 
all the positive powers of / are distinct. □ 

The group F was first defined by Richard J. Thompson in the 1960's, in 
connection with his work on associativity. It was later rediscovered by topol- 
ogists (Preyd and Heller, and independently Dydak) who were researching the 
structure of topological spaces with homotopy idempotents. (See section 1.6 for 
a discussion of these connections.) Since then F has become an important ob- 
ject of study in geometric group theory, primarily because of some long-standing 
problems regarding the geometric structure of its Cayley graph (see section 1.5). 

When Thompson originally defined F, he used "backwards" notation for 
composition of functions. We will adopt this convention throughout: 

Convention 1.1.5. /// and g are functions, the expression fg will denote "f 
followed by g". In particular: 

{f9m=g{f{t)) 



1.2 Tree Diagrams 

The standard dyadic intervals form a binary tree under inclusion: 

[0,1] 




Dyadic subdivisions of [0, 1] correspond to finite subtrees of this infinite binary 
tree. For example, the subdivision: 



corresponds to the subtree: 



Each leaf of this tree represents an interval of the subdivision, and the root rep- 
resents the interval [0, 1]. The other nodes represent intervals from intermediate 
stages of the dyadic subdivision. 

Using this scheme, we can describe any element of F by a pair of finite binary 
trees. This is called a tree diagram. 

Example 1.2.1. Recall that the element xq sends intervals of the subdivision: 



linearly onto intervals of the subdivision: 



1 3 

2 4 



Therefore, xq has tree diagram: 




We have aligned the two trees vertically so that corresponding leaves match up. 
By convention, the domain tree appears on the top, and the range tree appears 
on the bottom. 

Exeimple 1.2.2. The tree diagram for xi is: 
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Of course, the tree diagram for an element of F is not unique. For example, 
all of the following are tree diagrams for the identity: 




X/ 



In general, a reduction of a tree diagram consists of removing an opposing pair 
of carets, like this: 







Performing a reduction does not change the element of F described by the tree 
diagram — it merely corresponds to removing an unnecessary "cut" from the 
subdivisions of the domain and range. 

Definition 1.2.3. A tree diagram is reduced if it has no opposing pairs of 
carets. 

Theorem 1.2.4. Every element of F has a unique reduced tree diagram. 

Proof. Note first that a tree diagram for a given / S F is determined entirely 
by the domain tree. Furthermore, if T C T' are possible domain trees, then the 
tree diagram with domain tree T is a reduction of the tree diagram with domain 
tree T' . Therefore, it suffices to show that the set of possible domain trees for 
/ has a minimum element under inclusion. 

Define a standard dyadic interval to be regular if / maps it linearly onto a 
standard dyadic interval. Then a tree T is a possible domain tree for / if and 
only if its leaves are all regular. We conclude that the set of possible domain 
trees is closed under intersections, and therefore has a minimum element. □ 



We will generally denote tree diagrams by column vectors 
U are the component binary trees. 



, where T and 
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The following observation makes it possible to multiply two elements of F 
directly from the tree diagrams: 



Observation 1.2.5. Suppose that f,g & F have tree diagrams 
is a tree diagram for fg. 



't 


and 


'u 


u 




y 



Then 



Therefore, to multiply two elements / and g, we need only find a correspond- 
ing pair of tree diagrams such that the bottom tree of / is congruent to the top 
tree of g. Such a pair can always be obtained by expanding the reduced tree 
diagrams: 

ExEimple 1.2.6. Let / and g be the elements: 



and 






We can expand the tree diagrams for / and g to get: 




and 





Note that the bottom tree for / is now the same as the top tree for g. Therefore, 
fg has tree diagram: 
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It is also easy to find a tree diagram for the inverse of an element: 



Observation 1.2.7. // 

diagram for f~^. 



is a tree diagram for f £ F, then 



is a tree 



1.3 Generators 

Let xo,xi,X2, ■ ■ ■ be the elements of F with tree diagrams: 






Xo 




Xi 



X2 



In this section, we will show that these elements generate the group F. We will 
also state without proof an infinite presentation for F, and a normal form for 
words in the generators. Finally, we will show that the elements {xo,xi} alone 
generate F, and derive a finite presentation for F using these generators. 

First, observe that the bottom trees of the elements {a;o, Xi,X2, ■ ■ ■} all have 
the same form; a long edge on the right with left edges emanating from it. Such 
a tree is called a right vine: 




Definition 1.3.1. An element of F is positive if the bottom tree of its reduced 
tree diagram is a right vine. 

Since any subtree of a right vine is a right vine, any tree diagram (reduced 
or not) whose bottom tree is a right vine represents a positive element. 

Given a binary tree T, let [T] denote the positive element with top tree T. 

Proposition 1.3.2. Every element of F can be expressed as pq~^ , where p and 
q are positive. 



Proof. If / has tree diagram 



, then/=[T][C/]-i. 



□ 
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Define the width of a binary tree to be the number of leaves minus one. 
Given a binary tree of width w, we number its leaves 0,1, ... ,w from left to 
right. 

Proposition 1.3.3. Let T be a binary tree of width w. If n < w, then: 

where T An is the binary tree obtained by attaching a caret to the n'th leaf ofT. 

is a tree diagram for 



Proof. Let 1^ be a right vine of width w. Then 
[T], and Xn — [V A n] (since n < w), so: 

[T]xn = [TAn] 

by observation 1.2.5. 



T An 
V An 



□ 



Define the right stalk of a binary tree T to be the right vine that grows from 
the root of T: 




Clearly any binary tree T can be constructed by starting with its right stalk 
and then attaching carets to the leaves one at a time. Therefore: 

Corollary 1.3.4. The set of positive elements is precisely the submonoid gen- 
erated by {xq, xi, X2, ■ . .}. 

Corollary 1.3.5. The elements {xq, xi, X2, . . .} generate Thompson's group F. 

We will prove the following two theorems in section 2.4 using forest diagrams. 
See [CFPj for a tree-diagram approach. 



Theorem 1.3.6. F has presentation: 

{xo,Xi,X2, ... I XnXk = XkXn+1 for k < n) 



□ 



Theorem 1.3.7 (Normal Form). Every element of F can be expressed uniquely 
in the form: 



-bn 



where oq, . . . , a„, ■ ■ • j S N, exactly one of a„, 6„ is nonzero, and: 
ai ^ and bt ^ a^+i ^ or bi+i ^ 

for all i. □ 
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It is possible to put any clement of F into normal form using the following 
four types of moves, each of which follows from the relations given in theorem 
1.3.6: 



Xu X^ ^ X^i-iXi. 



(where k < n) 



These operations allow us to interchange any two generators that are in the 
"wrong" order, at the expense of incrementing the larger of the two subscripts. 

It is also possible to use the inverses of these operations to put two generators 
in the "wrong" order, but only if the subscripts differ by more than one. For 
example, we can switch each of the following generator pairs: 

*^3"^5 CC^CC^ X^CC^ 

but we cannot apply an inverse operation to any of the following pairs: 

X^Xi^ X^X^ X/^Xr^ x^ x^ 

Example 1.3.8. Suppose we wish to put the word: 

into normal form. We start by applying operations of types (1) and (2). (In 
each step, the generators about to be interchanged are indicated.) 

xo X3 xe {x'^^ xi){x^^ xo) xj^ Xq^ 



= Xo X3 X6 Xi (X4 ^ Xo) ^ 



-1 

_ _ t^O 

= Xo X3 Xe xi Xo x^^ Xg ^ x^^ Xq^ 



Next we apply operations of type (3) to arrange the left half of the word. (The 
right half is already arranged.) 

Xo xs Xe (xi Xo) a;^^ x'^^ 
= xq X3 (xe Xo) X2 x^^ Xg"^ 

= Xo (X3 Xo)(x7 X2) XjT^ X^^ 
= Xo Xo iX4 Xi) Xs Xg"^ X5 ^ 
= Xq Xo Xi X5 Xs X^^ X5 ^ 

At this point, there are instances of xq and Xg ^, but no instances of xi or xj~^. 
We can therefore cancel an x^Xg ^ pair: 

Xo {xo X2) X5 X8 x^^ X^^(X3"^ X(7^) 
= Xo Xl (xq X5) X8 X'^'^{X^^ X^^)X2^ 
= Xo Xl X4 (xo Xs)ix^'^ Xq^)x4^^ X2^ 





1 




1 


X3 




Xq 






1 




1 


X3 




X(7 






1 




1 






Xq 






1 




1 


X3 




Xq 




1 




1 


X3 




Xq 





Xq Xl X4 X7 (xo Xo^)X4^ 



x^ x^ 

Xq X\ X^ X'j Xa X^ iZ/o 
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Finally, we can also cancel one Xi,x^^ pair, since there are no instances of 



or Xc^ : 

Xq X\ {Xi^ x-j) x^^ xj^ x^^ 
= Xq Xi Xq {X4 X'^^)x'^^ X2^ 

This gives us the normal form for the element: 

Xq Xi Xq X^^ OJj ^ 

Though the presentation for F given in theorem 1.3.6 is infinite, Thompson's 
group F is actually finitely presented: 

Theorem 1.3.9. The elements xq and xi generate F, with presentation: 

{Xo, Xi I X2X1 = X1X3, X3X1 = XiXi) 

where the symbol x„ (n >2) stands for the word (a;i)^o 
Proof. Since Xn+i = for each n > 1, we have: 

for n > 2. This proves that Xq and xi generate F. 

Wc must now show that the two relations sufiice. For n > A; > 0, let Rn,k 
denote the relation: 

XfiXk — ^fe^n+l 

where the symbol x„ (n > 2) stands for the word (a; 1)^0 \ Our task is to show 
that the relations i?2,i and R-^^i imply all the others. 

First note that all the relations Rn,o are trivially true by the definition of 
the symbol x„. Next, if we know the relation Rn^k for n > A; > 0, we can 
conjugate repeatedly by xq to prove all the relations Rn+i,k+i- This puts us in 
the following situation: 






R4,: 





R4,3 R. 



5,3 





R5,: 






R2,l 




Rs,! 


R4,l R5,l 










Ri,o 


R2,0 




R3,0 


Rifi Rbfi 
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Arrows in this diagram indicate implication, and boxes indicate relations we 
already know. 

Our strategy is to deduce the relations Rn.i for n > 3 by induction, with 
base case n = 3. Note that while proving Rn,i. we may use any relation Rj ^ 
with the property that j — i < n — 1. Here's the calculation: 



X2 




Xl 




Xj7,_ 1 


X2 


Xl 


(using Rn-ia) 


— -^n—l 


Xl 


x^ 


(using i?2,i) 


= Xi 




x^ 


(using i?„_i,i) 


= Xx 


x^ 


Xn+l 


(using Rn^s) 


= X2 


Xl 


Xn+l 


(using i?2,i) 



Cancelling the initial 2:2 's yields Rn,i- □ 

Brown and Geoghegan }BrGe| have shown that F has an Eilenberg-MacLane 
complex with exactly two cells in each dimension. Therefore, the group F is 
infinite-dimensional and has type F^c ■ 

By the way, the presentation above is one of two canonical finite presen- 
tations for F. In the presentation above, the relations Rn.o were true "by 
definition", and the relations i?2,i and R-^ i were used to deduce the rest. It is 
possible instead to assume the relations R„^n-i "by definition" , and then use the 
relations i?2,o and R^ q to deduce the rest. We state the resulting presentation 
without proof: 

Proposition 1.3.10. F has presentation: 

{xo,Xi I X2X0 = XoX3,X3Xo = XoX4:) 

where the word Xn for n > 2 is defined inductively by: 

Xn-\-l — •^Ti—i-^ri'^n — 1 I— 1 

1.4 The Commutator Subgroup 

In this section, we will prove that the commutator subgroup [F, F] is simple, 
and that every proper quotient of F is abelian. 

Proposition 1.4.1. The abelianization of F is ZSi'E. 

Proof. Abelianizing the standard presentation for F (see theorem 1.3.6) yields: 

{xo,Xi,X2, . . . \ Xn + Xk = Xk + Xn+l tOT k < n) 

which is just: 

{xo,Xl,X2, ■ ■ ■ \ Xl ^ X2 ^ X3 = ■ ■ ■) □ 
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In fact iJ„(F, Z) = Z ® Z for all n>2. See |BrGej . 
There is a nice geometric description of the abelianization: 

Proposition 1.4.2. Define a function ip: F 'ZSi'E by: 

V^m^ (Iog2/'(0),log2 /'(I)) 

Then ip is an epimorphism, and ker(93) = [F, F] . 

Proof. That 1^9 is a homomorphism follows from the chain rule. For the rest, 
note that: 

i^(a:;o) = (1,-1) and (/^(xi) = (0, -1) 

Since these vectors generate Z0Z, is an epimorphism. Since they are linearly 
independent, the kernel of ip is [F, F]. □ 

Corollary 1.4.3. Let f E F. Then f G [F, F] if and only if f is trivial in 
neighborhoods of and 1 . 

Define a dyadic interval to be any closed interval with dyadic rational end- 
points. 

Proposition 1.4.4. Let I be any dyadic interval, and /et PL2(/) be the subgroup 
of F consisting of all elements with support in I. Then PL2(/) = F. 

In particular, there exists a piecewise-linear homeomorphism 7 : [0,1]—)'/ 
such that: 

1. All slopes of ^ are powers of 2, and 

2. All breakpoints of ^ have dyadic rational coordinates. 
Any such homeomorphism conjugates F to PL2(/). 

Proof. Clearly / is a union of finitely many standard dyadic intervals. By choos- 
ing a dyadic subdivision of [0, 1] with that same number of intervals, we can 
construct the desired homeomorphism 7. □ 

Note that PL2(/) C [F, F] when / C (0, 1). 

Theorem 1.4.5. Any nontrivial subgroup of F that is normalized by [F^F] 
contains [F, F] . 

Proof. Our argument is similar to Epstein's proof |Eps| that various large home- 
omorphism groups are simple. In particular, Epstein proves that the group of all 
piecewise-linear, orientation-preserving, compactly-supported homeomorphisms 
of (0, 1) is simple, and that the group of all orientation-preserving, compactly- 
supported diffeomorphisms of (0, 1) has simple commutator subgroup. (It has 
since been shown that this diffeomorphism group is perfect, and therefore sim- 
ple. See [Mat] .) 

Let A'^ be a nontrivial subgroup of F normalized by [F, F] , and let 77 be a 
nontrivial element of N . Since 77 is not the identity, there exists a sufficiently 
small dyadic interval / C (0, 1) so that rj{I) is disjoint from /. 
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Given any / G PL2(/), the commutator [r], /] = 77 ^ (/ ^rjf) ^ {rj ^rj) f 
is in TV, has support in /U rj{I), and agrees with / on /. Therefore: 

for any /, g G PL2 (/) , so N contains every commutator with support in the 
interior of /. 

However, there exist elements 71, 72, 73, . . . of [F, F] such that: 



7i(/) 



1 3 

4'4 



72(1) 



1 7 



73(/) 



l_ 15 
16' 16 



Conjugation by these elements shows that N contains every commutator with 
support in the interior of any of these intervals, and hence N contains every 
element of [F, F] . □ 

Corollary 1.4.6. Every proper quotient of F is abelian. 

Corollary 1.4.7. The commutator subgroup of F is simple. 

Closely related to Thompson's group F are Thompson's groups V and T. 
(See section 7.4 for a discussion of these groups.) These groups are themselves 
simple (instead of just having a simple commutator subgroup) and were the first 
known examples of infinite, finitely-presented simple groups (see |Hig| ) . 



1.5 Open Problems 

Recall the following definition: 

Definition 1.5.1. Let G be a group, and let ViG) be the collection of all 
subsets of G. We say that G is amenable if there exists a function /x: G ^ [0, 1] 
(called a measure) with the following properties: 

1. A*(G) = 1. 

2. If S and T are disjoint subsets of G, then fi{S U T) = fi{S) + fi{T). 

3. If 5 C G and g G G, then fi{gS) = ti{S). 

See |Wag| for a lengthy discussion of amenability. 
Theorem 1.5.2. 

1. All finite groups are amenable. 

2. All abelian groups are amenable. 

3. Subgroups and quotients of amenable groups are amenable. 

4-. Any extension of an amenable group by an amenable group is amenable. 
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5. Any direct union of amenable groups is amenable. □ 

Theorem 1.5.3. Any group that contains a free subgroup of rank two is not 
amenable. □ 

The amenability of F has been an open problem for several decades: 

Question 1.5.4. Is F amenable? 

This question was originally motivated by the following considerations. Let 
AG denote the class of all amenable groups, and let EG denote the smallest class 
of groups containing all finite and abelian groups and closed under subgroups, 
quotients, extensions, and direct unions (the elementary amenable groups) . Let 
NF denote the class of all groups that do not contain a free subgroup of rank 
two. According to the above theorems: 

EG c AG c NF 

The question then arises as to whether either of these inclusions is proper. At 
the time that the amenability of F was first investigated, there were no known 
examples of groups in either AG\EG or NF\ AG. However, F was known to 
be in the class NF \ EG: 

Theorem 1.5.5. F is not elementary amenable. 

Proof. Chou |Chou| has proven the following result concerning the class EG. 
Let EGo be the class of all finite or abelian groups, and for each ordinal a, 
let EGq- be the class of all groups that can be constructed from elements of 
U/3<a using extensions and direct unions. Then each class EGq, is closed 
under subgroups and quotients, and hence: 

EG = U EG« 

a 

Now, F is certainly not in the class EGq. Furthermore, since F is finitely 
generated, F cannot be expressed as a nontrivial direct union. Therefore, we 
need only show that F cannot arise in some EGq as a nontrivial group extension. 

Suppose there were a nontrivial short exact sequence: 

N^F^Q 

where N,Q G EG/3 for some (3 < a. By theorem 1.4.5, N must contain the com- 
mutator subgroup [F, F] of F, and therefore N contains a copy of F. Since EG^j 
is closed under taking subgroups, we conclude that F g EG^, a contradiction 
since f3 < a. □ 

Theorem 1.5.6. F does not contain the free group of rank two. 
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Proof. Let f,g £ F. We must show that / and g do not generate a free subgroup. 

Assume first that / and g have no common fixed points in (0, 1). Observe 
then that any t S (0, 1) can be sent arbitrarily close to using elements of (/, g) 
(otherwise the infimum of the orbit of t would be a common fixed point of / 
and g). In particular, there is an /i € (/, g) such that [/, g]^ has support disjoint 
from that of [/, g]. Then [/, g]^ and [f^g] commute, so / and g do not generate 
a free subgroup. 

Now suppose that / and g have a common fixed point in (0, 1). Then the 
support of (/, g) is the union of the interiors of finitely many dyadic intervals 
/i ,...,/„ . This gives us a monomorphism: 

(/,5)--PL2(/i)x...xPL2(/„) 

By the above argument, the image of (/, .g) in each PL2(/fe) is not free, so each 
of the compositions: 

^^2-(/,.g>^PL2(/fe) 

has a nontrivial kernel. Then the kernel of the projection F2 -» (/, g) is the 
intersection of finitely many nontrivial normal subgroups of F2 , and is therefore 
nontrivial. □ 

In fact, every nonabelian subgroup of F contains a free abelian group of 
infinite rank. See [BrSqJ for details. 

The status of the classes AG\EG and EG\NF was resolved in the 1980's. 
In particular, Ol'shanskii [01] constructed a nonamenable torsion group, thereby 
supplying an element of NF \ AG; and Grigorchuk |Grig| constructed his famous 
group G of intermediate growth, thereby supplying an element of AG \ EG. 

However, the amenability of F remains an interesting question, if only be- 
cause of its puzzling difficulty. F is certainly the most well-known group for 
which amenability is still an issue. It is hoped that resolving this question will 
shed new light on either the structure of F, or on the nature of amenability. 

In addition to amenability, there are several other fundamental open ques- 
tions concerning the Cayley graph of F. 

Definition 1.5.7. Let G be a group with finite generating set S. For each 
n, let j(n) be the number of elements of G which are products of at most n 
elements of E. Then 7(71) is called the growth function of (G, S). 

It is known that the limit lim„^oo VtI") always exists (see jdlHj ) . We say 
that G has exponential growth if this limit is positive, and subexponential growth 
if this limit is 0. 

It turns out that the classification of G as having exponential or subexpo- 
nential growth docs not depend on the finite generating set E (see [dlHj ) . 

Proposition 1.5.8. Any group with subexponential growth is amenable. 

Letting SG denote all groups with subexponential growth, we have: 

SG c AG c NF 

Proposition 1.5.9. The submonoid of F generated by \^Xq^,xi} is free. 
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Proof. Consider any word in Xq and xi: 

^ai -I (12 -I ^ ^ ^ „,-l^a„ 
1 

where ao, . . . , a„ > 0. We can put this element into normal form by moving the 
X(^^'s to the right: 

Since the normal form is different for different values of ai , . . . , a„ , every word 
in Xq^ and xi represents a different element of F. □ 

Corollary 1.5.10. The group F has exponential growth. 

It would be interesting to determine the exact growth rate of F with re- 
spect to the {xo,Xi} generating set. Perhaps more interesting is the following 
question: 

Question 1.5.11. Letj(n) be the growth rate of F with respect to the {xo,Xi} 
generating set, and let: 

oo 

r(t) = ^7("r 

Is r(t) a rational function? 

See |dlH] for details about groups with rational growth functions. 
Finally, it is not known whether F is automatic. Recall the following defini- 
tions: 

Definition 1.5.12. Let G be a group with finite generating set E, and let F 

denote the corresponding Cayley graph. A combing of G is a choice, for each 
5 G G, of a path in F from the identity vertex to g (i.e. a word in the generators 
that multiplies to g). 

If (Ti(T2 • • • o'i and T1T2 • • • T„i are words in £, the synchronous distance be- 
tween these words is: 

maxd((7l • • •Cr„,Tl • • -Tn) 

riGN 

where d denotes the distance function in the Cayley graph, at = 1 for i > £, 
and Ti = 1 for i > m. 

Definition 1.5.13. Let G be a group with finite generating set S. A combing 
of G has the fellow traveller property if, given any two elements of G a distance 
one apart, the corresponding combing paths have synchronous distance at most 
k, for some fixed fc e N. 

Definition 1.5.14. Let G be a group with finite generating set E. We say 
that G is automatic if there exists a combing of G that has the fellow traveller 
property and whose set of combing paths is a regular language over E U E~^. 
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It turns out that this definition does not depend on the finite generating set 
E. See [ECHj for a thorough introduction to automatic groups. 

Question 1.5.15. Is F automatic? 

In |Guba2j . V. Guba shows that the Dehn function of F is quadratic. (Any 
automatic group has hnear or quadratic Dehn function.) In section 6.4, we will 
show that F no geodesic combing of F (with respect to the {xo,xi} generating 
set) has the fellow traveller property. 

1.6 Alternate Descriptions 

Thompson's Group F has arisen naturally in a variety of different contexts, and 
this has led to several different ways of defining the group. We have adopted the 
"homeomorphism" point of view: every element of is a piecewise-linear home- 
omorphism of [0, 1]. In this section, we will describe three alternate definitions 
of F, and explain why they are equivalent to the homeomorphism definition. 
We begin with Thompson's original definition: 

Associative Laws 

An associative law is any rule for rearranging a parenthesized expression. For 
example, one associative law is the rule: 

Xq : {ab)c — > a{bc) 

This rule can be applied to any expression whose left part is nontrivial, e.g.: 

{{ab)icd)){e{fg)) ^ (a6)((crf)(e(/.g))) 

However, xq can only be applied to the top level of an expression. In particular, 
the rearrangement: 

xi : a((&c)(i) — ^ a(b{cd)^ 

is not an application of xq. 

We can compose two associative laws by performing one and then the other. 
For example, starting with the expression: 

{a{bc))d 

we can perform xq: 

a{{bc)d) 

and then xi: 

a{b{cd)) 

This yields a new, composite law: 

xqXi: [a{bc))d — > a(b{cd)) 

Theorem 1.6.1. The set of all associative laws forms a group under composi- 
tion, and this group is isomorphic with Thompson's group F. 
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Sketch of Proof. Any parenthesized expression corresponds to a finite binary 
tree. For example, the expression: 

{a{bc)){de) 

corresponds to the tree: 



A rearrangement of parentheses is really just a tree diagram for an element of F. 
Observe that two rearrangements are instances of the same associative law if 
and only if the corresponding tree diagrams represent the same element of F. 
Observe also that the rule for composing associative laws is the same as the rule 
for multiplying tree diagrams. □ 

Automorphisms of Cantor Algebras 

This point of view was introduced by Galvin and Thompson, and used by Brown 
in |Broj to show that F has type Foo- Brown's paper actually considers a whole 
class of groups defined by Higman |Higi using automorphisms of Cantor algebras 
(which Brown refers to as Jonsson-Tarski algebras), and proves finiteness results 
for all of them. 

Definition 1.6.2. A Cantor algebra is a set A together with a bijection 
a: A ^ A X A. 

We will denote the components of a{a) by (a)o and (a)i. Also, if a, 6 e A, 
we will denote by ah the element of A satisfying 

(a6)o = a and {ab)i = b 

Using the theory of universal algebras, it is easy to show that there exists 
a free Cantor Algebra A{X) over any set X. This algebra may be constructed 
explicitly as follows (see |Hig| ): 

Base Case Given any x X and any word ei • • • e„ in {0, 1}, define a 
corresponding element Xej^...^^. By definition, these elements satisfy: 

{Xei...e,Jo = Xei-e„0 and {Xe^-ejl = Xe^-e^l 

Induction Step Suppose we have defined a,b ^ ^i^) but we have not 
yet defined any element c such that (c)o = a and (c)i = b. Then we define 
an element ab satisfying: 

{ab)o = a and {ab)i = b 
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In the case where X is a singleton set, it is helpful to think of the unique ele- 
ment X as the interval {[0, 1]}, and the elements standard dyadic subin- 
tervals of {[0, 1]} (e.g. = [0,1/2] andxon = [3/8,4/8]). Each element created 
during the induction step can be thought of as a mapping from some disjoint 
union of these intervals linearly onto the intervals of some dyadic subdivision of 
{[0, 1]}. (For example, {xoXo)xi maps the disjoint union [0, l/2]l±)[0, l/2]l±)[l/2, 1] 
onto [0, 1/4] W [1/4, 1/2] W [1/2, 1].) 

Definition 1.6.3. Thompson's group V is the automorphism group of the free 
Cantor algebra A({a;}). 

Observe that the free algebra generated by a singleton set {x} is isomorphic 
to the free algebra generated by a doubleton set {a, 6}, under the mapping: 

a — > (a;)o and h — > (x)i 

That is, the elements {xo,a;i} are a basis for the free Cantor algebra A{{x}). 
More generally, if {oi . . . a„} is a basis for a free Cantor algebra, a simple expan- 
sion of this basis is obtained by replacing the element with the elements (0^)0 
and (ai)i. The inverse of an expansion (i.e. picking any two elements of a basis 
and replacing them with their product) is called a simple contraction. Higman 
[Hig' proves that any basis for A(x) can be obtained from {x} by a sequence of 
simple expansions followed by a sequence of simple contractions. Therefore, an 
element of V can be represented by a pair of binary trees together with some 
bijection of their leaves: 




The root of the top tree represents the basis {x}, while the root of the bottom 
tree represents the image of x under the automorphism. The trees and permu- 
tation represent the expansions and contractions necessary to get from x to its 
image. 

Thompson's group F is the subgroup of V consisting of tree diagrams whose 
permutation part is trivial. In particular, given an ordered basis: 

{«!, • ■ • , a„} 

for a Cantor algebra, an simple ordered expansion of this basis is any basis of 
the form: 

{ai, . . . , (ai)o, (ai)ii ■ ■ ■ 1 
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A simple ordered contraction is the inverse of a simple ordered expansion. An 
automorphism /: A({x}) A{{x}) is order-preserving if the basis {f{x)} can 
be obtained from the basis {x} by a sequence of simple ordered expansions and 
simple ordered contractions. 

Theorem 1.6.4. The group of order-preserving automorphisms of A{{x}) is 
isomorphic with Thompson's group F. □ 



F as the Universal Conjugacy Idempotent 

The group F was independently rediscovered by Freyd and Heller in 1969 (see 
|FrHe| ) during their investigation into homotopy- idempotent homeomorphisms 
of topological spaces. They (and also independently Dydak |Dyj ) developed F as 
the universal example of a group with a conjugacy-idempotent endomorphism. 
This point of view motivated Brown and Geoghegan [BrGe] to investigate the 
finiteness properties of F. 

Definition 1.6.5. Let G be a group. An endomorphism 1^9 of G is conjugacy 
idempotent if there exists a c G G such that: 

(5) = c^V(5)c 

for every g d G. 

We shall refer to the element c as a conjugator for ip. 
Let a: F ^ F denote the shift endomorphism: 



a{xo) = xi, a{xi) = X2, <7{x2) = X3, 



Then a is conjugacy idempotent, with conjugator xq: 

<^^{f) = Xo^(j{f)xo 

Furthermore, the triple (-F, cr, xq) has the following universal property: 

Theorem 1.6.6. Suppose we are given any triple (G,f,c), where G is a group 
and if is a conjugacy idempotent on G with conjugator c. Then there exists a 
unique homomorphism n: F ^ G such that tt{xo) = c and the following diagram 
commutes: 




Proof. Define tt as follows: 

7r(a;o) = c, ^{xi) = Lp{c), tt{x2) = ^p^ic), 
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We must show that this respects the relations in F. WeU, for n > k, 

= /(c-V"-^c)c) 
= /(^"-^-+i(c)) 

= 7r(x„+i) 

The homomorphism tt is therefore well-defined, and clearly it has the required 
properties. Furthermore, tt is unique because it is required to satisfy 7r(xo) = c, 
and then the definitions of tt{xi), tt{x2), ■ ■ ■ follow from the commutative dia- 
gram. □ 

Freyd and Heller were interested in conjugacy idempotents because of their 
relationship with topology. If y is a topological space with basepoint yo, a 
homotopy idempotent on K is a map g: {Y,yo) —> {Y,yo) such that is freely 
homotopic to g. It is easy to check that a homotopy idempotent map induces 
a conjugacy idempotent endomorphism on 7ri(y, ?/o)- Freyd and Heller were 
interested in the question of whether every homotopy idempotent splits^ i.e. 
can be written as hk where kh ~ id (see |FrHe| ) . They answered this question 
in the negative by showing that the conjugacy idempotent a: F ^ F does not 
split, and then exporting this result back to the homotopy category. (The same 
result was independently obtained by Dyadak |Dy| .) 
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Chapter 2 

One- Way Forest Diagrams 



In this chapter we introduce one-way forest diagrams for elements of F. These 
diagrams have the same relationship to a certain action of F on the positive real 
line that tree diagrams have to the standard action of F on the unit interval. 
The advantage is that forest diagrams are somewhat simpler, especially in their 
interactions with the generating set {xq, xi, X2, ■ ■ ■}■ 

The existence of one-way forest diagrams was noted by K. Brown in [Bro] , 
but to our knowledge no one has ever before used them to study F. 

2.1 The Group PL2(M+) 

Let PL2(M+) be the group of all picccwisc- linear sclf-homeomorphisms / of 
[0, oo) satisfying the following conditions: 

1. Each linear segment of / has slope a power of 2. 

2. / has only finitely many breakpoints, each of which has dyadic rational 
coordinates. 

3. The rightmost segment of / is of the form: 

fit) =t + m 

for some integer m. 
Proposition 2.1.1. PL2(M+) is isomorphic with F. 

Proof. Let ip : [0, oo) — > [0, 1) be the piecewise-linear homeomorphism that maps 
the intervals: 



12 3 
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linearly onto the intervals: 




1 



Then / i— > tl)fip~^ is the desired isomorphism F PL2(R+). In particular, 
if / has slope 2™ at t = 1, then the final linear segment of will be 

t^t + m. □ 

Under this isomorphism, each generator Xn of F maps to the piecewise-linear 
function Xn ■ [0, oo) [0, oo) satisfying: 

1. x„ is the identity on [0, n]. 

2. Xn sends [n, n + 1] linearly onto [n, n + 2]. 

3. Xn{t) = t+l ior t>n + l. 



2.2 Forest Diagrams for Elements of PL2(M+) 

We think of the positive real line as being pre-subdivided as follows: 



1 2 3 4 ••• 

A dyadic subdivision of [0, cxd) is any subdivision obtained by cutting finitely 
many of these intervals in half, and then cutting finitely many of the resulting 
intervals in half, etc. 

Proposition 2.2.1. Let f € PL2(M+). Then there exist dyadic subdivisions 
VjTZ of [0, cjo) such that f maps each interval ofV linearly onto an interval of 

n. □ 

A binary forest is a sequence (Tq, Ti, . . .) of finite binary trees: 




A binary forest is bounded if only finitely many of the trees Tj are nontrivial. 

Every bounded binary forest corresponds to some dyadic subdivision of the 
positive real line. For example, the forest above corresponds to the subdivision: 



12 3 4 



26 



Each tree Ti represents an interval [i, i + 1], and each leaf represents an interval 
of the subdivision. 

Combining this with proposition 2.2.1, we see that any / e PL2(K+) can 
be represented by a pair of bounded binary forests. This is called a (one-way) 

forest diagram for / 

Example 2.2.2. Let / be the element of PL2(M_|_) with graph: 




Then / has forest diagram: 



Again, we have aligned the two forests vertically so that the corresponding leaves 
match up. 

ExEimple 2.2.3. Here are the forest diagrams for the generators xo, xi, X2, ■ ■ ■■ 
Xq: 



/\ . . . 



xi: 



X2: 



Of course, there are several forest diagrams for each element of PL2(M+). In 
particular, it is possible to delete an opposing pair of carets: 
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without changing the rcsuhing honicomorphism. This is caUcd a reduction of 
a forest diagram. A forest diagram is reduced if it does not have any opposing 
pairs of carets. 

Proposition 2.2.4. Every element of PL2(M+) has a unique reduced forest 
diagram. □ 

Remark 2.2.5. From this point forward, we will omit all the trivial trees on 
the right side of a forest diagram, as well as the "• • • " indicators. 

Remark 2.2.6. It is fairly easy to translate between tree diagrams and forest 
diagrams. Given a tree diagram; 




we simply remove the right stalk of each tree to get the corresponding forest 
diagram: 




2.3 The Action of the Generators 

The action of the generators {xo,Xi,X2, ■ ■ ■} on forest diagrams is particularly 
nice: 

Proposition 2.3.1. Let f be a forest diagram for some f ^ F. Then a forest 
diagram for Xnf can be obtained by attaching a caret to the roots of trees n and 
(n + 1) in the top forest of f. □ 
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Note that the forest diagram given for .t„/ may not be reduced, even if we 
started with a reduced forest diagram f. In particular, the caret that was created 
could oppose a caret in the bottom forest. In this case, left-multiplication by 
Xn effectively "cancels" the bottom caret. 

Example 2.3.2. Let f G F have forest diagram: 
Then xof has forest diagram: 



xif has forest diagram: 
and X2f has forest diagram: 

Example 2.3.3. Let f G F have forest diagram: 
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Then x^f has forest diagram: 




Note that left-multiplicatfon by X2 cancelled the highlighted bottom caret. 

Proposition 2.3.4. Let f be a forest diagram for some f € F. Then a forest 
diagram for f can be obtained by "dropping a negative caret" at position n. 
If tree n is nontrivial, the negative caret cancels with the top caret of this tree. 
If the tree n is trivial, the negative caret "falls through" to the bottom forest, 

attaching to the specified leaf. □ 

Example 2.3.5. Let / and g be the elements of F with forest diagrams: 




Then ^/ and x^ ^g have forest diagrams: 




In the first case, the a;j~ simply removed a caret from the top tree. In the second 
case, there was no caret on the top to remove, so a new caret was attached to the 
leaf on the bottom. Note that this creates a new column in the forest diagram. 

2.4 Positive Elements and Normal Forms 

In this section, we use forest diagrams to derive the standard presentation for 

Thompson's group F (previously stated as theorem 1.3.6) and find a normal 
form for elements of F (previously stated as theorem 1.3.7). The proof involves 
first understanding the structure of the positive monoid, and then extending 

this understanding to all of F. 

Recall that the positive submonoid of F generated by {xq, xi,X2, ■ . .}. 

Proposition 2.4.1. Let f & F, and let f be its reduced forest diagram. Then f 
is positive if and only if the bottom forest of f is trivial. □ 
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The positive monoid can be thought of as a monoid of binary forests. Each 
element corresponds to a binary forest, and two forests can multiplied by "stack- 
ing them", i.e. by attaching the leaves of the first forest to the roots of the 
second. 

Example 2.4.2. Let / have forest diagram: 




and let g have forest diagram: 
Then fg has forest diagram 

Each word for a positive element corresponds to an ordering of the carets of 
the forest diagram (namely, the order in which the carets are constructed). 

Example 2.4.3. Let / be the element: 

If we build the carets of / from right to left (a-b-c-d-e), we get the word: 

/ = X0X2X3X5X5 

(Note that the order of the generators in the word is the opposite of the order in 
which the carets are created, since our primary operation is Ze/t-multiplication.) 

There arc many other words for / (30 in all), corresponding to different 
orderings of the carets. For example, if we build carets from left to right (e-c- 
d-a-b), we get the word: 

/ = a;2a;2a;ia;2a;o 
If we build carets in the order c^e-a-d-b, we get the word: 

/ = a;2a;ia;3a;oa;3 
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In general, we get the normal form for a positive element by building the 

carets of its forest diagram from right to left: 

Theorem 2.4.4. Every positive element can be expressed uniquely in the form: 
where ii < • • • < in- □ 

Proof. See the following section for a more rigorous proof of this theorem. □ 
The normal form is usually written: 

™ao™ai . . . ™an 
■''0 ■''1 •'^n 

The numbers ao, . . . , a„ are called the exponents of the element. To determine 
the exponents of a positive element from its forest diagram, it is helpful to draw 
the carets so that left edges are vertical, like this: 



When the forest diagram is drawn in this fashion, the exponent ai appears as 
the number of nodes sitting directly above the i'th leaf. For example, the above 
element has normal form: 

Xq x\ Xi Xg Xg Xio 

Proposition 2.4.5. The positive monoid has presentation: 

{Xo, Xi,X2,...\ X„Xk = XkXn+1 fov k < Tl) 

Proof. The given relations clearly hold: they arise from the two different ways 
of constructing the element: 

• • • • • • • 

1 ••• k ■■■ n+1 

To show that these relations suffice, we simply observe that any word can be 
put into normal form by applying the operations: 

XnXk XkXn+l {k < u) □ 

To show that the same presentation holds for F, we observe that F is the 

group of fractions of its positive monoid. 

Definition 2.4.6. Let M be any monoid. A group of right fractions for M is a 
group G containing M with the property that any element of G can be written 
as pq~^ for some p,q€: M. 
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It is easy to determine the presentation for a group of fractions: 

Proposition 2.4.7. Suppose that M is a monoid with group of right fractions 
G. Then any presentation for M is a presentation for G. 

Proof. This follows immediately from the fact that G is the universal group to 
which M maps homomorphically. See [ClPr J. □ 

Theorem 2.4.8. Thompson's group F has presentation: 

{xo,Xi,X2, ... I XnXk = XkXn + I for k < u) □ 

Next we wish to derive a normal form for elements of F. The key is to 
understand when the forest diagram corresponding to an expression: 

is reduced. 

An exposed caret in a forest is a caret whose children are both leaves: 

A forest diagram is reduced if and only if it does not contain a matching pair 
of exposed carets. 

Lemma 2.4.9. Let Xi-^ ■ ■ ■ Xi^ be the normal form for a given positive element f . 
Then the caret constructed by Xi^ is exposed if and only if k = n or i^ < ife+i — 1. 

Proof. A caret is exposed if and only if it is allowed to be the first caret created 
when constructing /. Hence, Xi^ is exposed if and only if we can move that 
generator all the way to the right in the word for /, using operations of the 
form: 

XkXn Xn-lXk (fc < n - 1) 

Such movement is possible if and only if ik < ik+i ^1. D 

Theorem 2.4.10 (Normal Form) . Every element of F can be expressed uniquely 
in the form: 

T°o . . . „a„ -fc„ , , ^-bo 

Xq J,„ X„ .Cq 

where exactly one of an,b„ ^ and 

Oi ^ and bi ^ a^+i ^ or bi^i ^ 

Proof. The top forest has an exposed caret in the i'th position if and only if ai ^ 
and fli+i — 0, and the bottom forest has an exposed caret in the i'th position 
if and only if 6^ 7^ and 6;+! = 0. As long as these never happen simultaneously, 
the above expression will represent a reduced forest diagram. □ 
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2.5 Word Graphs and Anti-Normal Form 

The luord graph for a positive element / is the directed graph whose vertices are 
words for / in the generators Xo,x\,X2-i ■ ■ ■ and whose edges represent moves of 

the form: 

Example 2.5.1. Let / be the element: 



Then / has word graph: 



X0X2X4 





X1X0X4 



X0X3X2 



X1X3X0 



X2XQX2 





X2X1X0 



ExEimple 2.5.2. Let / be the element: 




Then / has word graph: 
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XiXq X4 XqX2XzXq 



X1X0X3X0 



X1X2X0 

Example 2.5.3. Let / be the element: 



Then / has word graph: 



XoX2X3Xr, 



X1X0X3X5 X0X2X4X3 



X1X2X0X5 X1X0X4XS X0XSX2XS 

AAA 



X1X2X4X0 XiX-iXQX^ X2X0X2X3 



XIX3X2X0 X2XIX0X3 



X2XIX2XQ 
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It seems that each word graph has a unique terminal vertex, namely the 
normal form, and a unique initial vertex, which we shall call the anti-normal 
form. 

Definition 2.5.4. A word: 

is in anti-normal form if ik+i > i/c ^ 1 for all k. 

The anti-normal form corresponds to building the carets of a forest diagram 
from left to right. 

Guba and Sapir used anti-normal forms in [GuSa2| to prove that F has a 
subexponential Dehn function. (Guba |Guba2| has since shown that the Dehn 
function of F is quadratic.) In section 4.1, we will show that the anti-normal 
form describes a minimum-length word for any positive element with respect to 
the {xo,xi} generating set. 

Proposition 2.5.5. Let f be any positive element. Then any terminal vertex in 
the word graph for f is in normal form, and any initial vertex is in anti-normal 
form. 

Proof. Consider a word Xi^ . . . Xi-^ for /. This word will have an outgoing edge 
if and only if ik+i > ik for some k (so that we can apply the move Xif,^-^Xif, 
^ik^ik+i+i)- Similarly, this word will have an incoming edge if and only if 
ik+i < Jfc ~ 1 for some k (so that we can apply the inverse move Xi^^-^Xi^, —^ 

Xik-iXik^i)- n 

This proposition gives a nice algorithm for putting a word into either normal 
form or anti-normal form. To put a word into normal form, repeatedly apply 
moves of the type: 

XnXk XkXn+1 {u > k) 

Similarly, to put a word into anti-normal form, repeatedly apply moves of the 
type: 

^k^n ^ ^n — l^k {k <^ TL 1) 

See example 4.1.9. 

We wish to show that the anti-normal form for an element is unique. The 
idea, of course, is that anti-normal form corresponds to the unique way of con- 
structing the carets of a forest diagram from left to right. We shall now establish 
some notation that makes this idea very precise. 

Let <ti denote the linear order on the carets of a forest diagram induced by 
the order of the spaces that the carets cover: 




1<2<3<4<5<6<7 
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and let -< denote the partial order defined by: 

ci -< C2 ci is a descendant of C2 

(In the above forest, 2 -< 3 -< 1 and 5,7^ 6.) Define relations <n and <an as 
follows: 

ci <N C2 ^ ci ~< C2 or (ci ^ Ci and Ci » C2) 
ci <AN C2 <^ ci ^ C2 or (ci ^ C2 and ci < C2) 

It is not hard to check that <n and <an are linear orders. Furthermore: 

Proposition 2.5.6. Let Xi^ - ■■ Xi^ be a word for a positive element f, and let 
Ck denote the caret in the reduced forest diagram for f built by Xi^. . Then: 

1. The given word is in normal form if and only if Ck <n Ck+i for each k. 

2. The given word is in anti-normal form if and only if Ck <an Ck+i for each 
k. 

Proof. Observe that Ck -< Ck+i if and only if ik+i = ik or ik+i = ife — 1- Further, 
Cfc "C Ck+i if and only if ik < ik+i- Therefore: 



Cfc <N Cfc+i <4> ik+i < ik 

Ck <AN Cfe+1 <^ ik+i > ik — ^ 



□ 



CoroUciry 2.5.7. Every positive element has a unique normal form and a 
unique anti-normal form. 

Next we would like to explain the structure of the word graph. Given a finite 
set S, the order graph T{S) on S is the graph whose vertices are linear orders 
on the elements of S, and whose edges correspond to transpositions of adjacent 
elements. For example, r({l,2,3}) is: 

.123. 



213 



231 



132 



312 



'321' 



The order graph of a set with n elements is isomorphic to the Cayley graph 
of the symmetric group S„ with generating set {(1 2), (2 3), . . . , (n — 1 n)}. 
Recall that S„ has presentation: 

{ti,. . . tn-i \ti = 1, titi+iti = ti+ititi+i, titj = tjti for i — j > 2) 
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where ti ^ {i i + 1). Therefore, any order graph is the one-skeleton of a cell 
complex whose two-skeleton is a union of hexagons and squares. 

If / is a positive element, the word graph for / is a subgraph of r(C), where 
C is the set of carets in the reduced forest diagram for /. In particular, any 
word corresponds to a certain order of building the carets, and any move of the 
form: 

XnXk XkX„+i {n > k) 

corresponds to transposing the order of two adjacent carets. 

For the following theorem, recall that a set of vertices 5 in a graph is convex 
if, whenever v,w € S, any vertex that appears on any geodesic from w to w is 
also in S. The convex hull of S is the intersection of all convex sets containing 
S. 

Theorem 2.5.8. Let f be a positive element, and let C be the set of carets in 
the reduced forest diagram for f . Then the word graph for f is the convex hull 
in r(C) of the normal and anti-normal forms for f . 

Proof. Given a set S, a half-space in T{S) is a set of the form: 

{si < S2} — {linear orders < on S* | si < S2} 

where s and t are fixed elements oi S. It is a well-known fact that any convex 
subset of r(S') is an intersection of half-spaces. (See |Bro2] . section A. 7.) 

The vertices in the word graph are precisely the linear orders on C that are 
extensions of the partial order -<. In particular, the word graph is precisely the 
intersection of all half-spaces {ci < C2} such that ci 02- However, for any 
carets ci , C2 G C: 

ci < C2 ^ ci <N C2 and ci <an C2 

Therefore, a half-space contains the word graph if and only if the half-space 
contains both the normal form <n and the anti-normal form <an- D 



38 



Chapter 3 

Two- Way Forest Diagrams 



In this chapter, we use an action of F on the real Hne to construct two-way forest 
diagrams. These forest diagrams interact very nicely with the finite generating 
set {xq, Xi}, and are therefore particularly well-suited for studying the geometry 
of F. 

We will generally refer to two-way forest diagrams simply as forest dia- 
grams. We use the terminology "one-way forest diagrams" and "two-way forest 
diagrams" only when there is some ambiguity. 

The material in this chapter represents joint work with my thesis advisor, 
Kenneth Brown. It was originally published in [BeBr] . 

3.1 The Group PL2(M) 

Let PL2(K) be the group of all piecewise-linear, orientation-preserving self- 
homeomorphisms / of R satisfying the following conditions: 

1. Each linear segment of / has slope a power of 2. 

2. / has only finitely many breakpoints, each of which has dyadic rational 
coordinates. 

3. The leftmost linear segment of / is of the form: 

f{t) =t + m 
and the rightmost segment is of the form: 

fit) ^t + n 

for some integers m, n. 
Proposition 3.1.1. PL2(M) is isomorphic with F. 
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Proof. Let : 
intervals: 



(0, 1) be the piecewise- linear homeomorphism that maps the 



-2 -1 
linearly onto the intervals: 



+ 



■■■ 



1 ... 1 



□ 



Then / i-^ ipftp ^ is the desired isomorphism F — > PL2 (K) . 

Under this isomorphism, the generators {xq, Xi} oi F map to the functions: 

Xo{t) =t + l 

and: 



Xl{t) 



t t<0 
2t 0<t<l 
t+1 t>l 




Xi 



3.2 Forest Diagrams for Elements of PL2(M) 

We think of the real line as being pre-subdivided as follows: 



-2-10 1 2 

A dyadic subdivision of M is a subdivision obtained by cutting finitely many of 
these intervals in half, and then cutting finitely many of the resulting intervals 
in half, etc. 

Proposition 3.2.1. Let f G PL2(]R). Then there exist dyadic subdivisions D^TZ 
of M such that f maps each interval of V linearly onto an interval of TZ. □ 
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A two-way binary forest is a sequence (. . . ,T_i,To,Ti, . . .) of finite binary 
trees. We depict sucli a forest as a line of binary trees together with a pointer 
at To: 




Every bounded, two-way binary forest corresponds to some dyadic subdivision 
of the real hne. Therefore, any / e PL2(M) can be represented by a pair 
of bounded binary forests, together with an order-preserving bijection of their 
leaves. This is called a two-way forest diagram for /. 

Example 3.2.2. Here are the two-way forest diagrams for xq and xf. 



xi: 




Proposition 3.2.3. Every element o/PL2( 

forest diagram. □ 



has a unique reduced two-way 



Remark 3.2.4. From this point forward, we will only draw the support of the 
two-way forest diagram (i.e. the minimum interval containing both pointers and 

all nontrivial trees), and we will omit the "• • •" indicators. 

Also, the term "forest diagram" when used alone will always refer to two-way 
forest diagrams. 

Remark 3.2.5. It is fairly easy to translate between tree diagrams, one-way 
forest diagrams, and two-way forest diagrams. Given a tree diagram: 
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we simply remove the outer layer of each tree to get the corresponding two-way 
forest diagram: 




t 

The pointers of the forest diagram point to the first trees hanging to the right 
of the roots in the original tree diagram. 
Similarly, given a one-way forest diagram: 

simply remove the left stalk of 0-tree on the top and bottom to get the corre- 
sponding two-way forest diagram: 
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t 

The pointers of the two-way forest diagram point to the 1-trees of the original 
one-way forest diagram. 

3.3 The Action of {xo,xi} 

Just as one-way forest diagrams interact well with the infinite generating set 
for F, two-way forest diagrams interact well with the {a;o,a;i} generating set: 

Proposition 3.3.1. Let f be a forest diagram for some f G F. Then: 

1. A forest diagram for xof can be obtained by moving the top pointer of f 
one tree to the right. 

2. A forest diagram for xif can he obtained by attaching a caret to the roots 
of the 0-tree and 1-tree in the top forest of f. Afterwards, the top pointer 
points to the new, combined tree. □ 

If f is reduced, then the given forest diagram for xof will always be reduced. 
The forest diagram given for xif will not be reduced, however, if the caret 
that was created opposes a caret from the bottom tree. In this case, left- 
multiplication by xi effectively "cancels" the bottom caret. 

Example 3.3.2. Let f G F have forest diagram: 




Then xof has forest diagram: 
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and Xif has forest diagram: 




Example 3.3.3. Let f & F have forest diagram: 




Then xof has forest diagram: 



and Xif has forest diagram: 




Note that the forest diagrams for xof and xif both have larger support than 
the forest diagram for /. 
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ExEimple 3.3.4. Let f G F have forest diagram: 
Then xif has forest diagram: 

' ' ' \y ' ' 

f 

Note that left- multiplication by xi cancelled the highlighted bottom caret. 
Proposition 3.3.5. Let j be a forest diagram for some f G F. Then: 

1. A forest diagram for Xq^ f can be obtained by moving the top pointer of ^ 
one tree to the left. 

2. A forest diagram for x^^f can be obtained by "dropping a negative caret" 
at the current position of the top pointer. If the current tree is nontrivial, 
the negative caret cancels with the top caret of the current tree, and the 
pointer moves to the resulting left child. If the current tree is trivial, the 
negative caret "falls through" to the bottom forest, attaching to the specified 
leaf □ 

Example 3.3.6. Let / and g be the elements of F with forest diagrams: 



and 



Then x-^^ f and x-^^g have forest diagrams: 



and 
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In the first case, the simply removed a caret from the top tree. In the 
second case, there was no caret on top to remove, so a new caret was attached 
to the leaf on the bottom. Note that this creates a new column immediately to 
the right of the pointer. 

3.4 Normal Forms and Positive Elements 

The other generators of F act on two-way forest diagrams in the following way: 

Proposition 3.4.1. Let f be the forest diagram for some f € F, and let n > 1. 

Then a forest diagram for Xnf can be obtained by attaching a caret to the roots 
ofTn~i and Tn in the top forest of f. □ 

Using this proposition, it is relatively easy to find the normal form from the 
forest diagram, using a method similar to that given in section 2.4. 

ExEimple 3.4.2. Suppose f G F has forest diagram: 




f 

Then: 

/ = XQXiX'^X4Xg^ 

Since the top pointer of / is two trees from the left, the normal form of / has 

an Xq. The powers of the other generators are determined by the number of 
carets built upon the corresponding leaf. Note that the carets are constructed 
from right to left. 

Example 3.4.3. The element: 

3 2 -1-1 -2 -1 
XqX'2Xk^X'jX Q Xk^ X-^ Xq 

has forest diagram: 

I 
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Proposition 3.4.1 also yields a characterization of positive elements. 

Corollary 3.4.4. Let f G F, and let f be its reduced forest diagram. Then f is 
positive if and only if: 

1. The entire bottom forest ofj is trivial, and 

2. The bottom pointer is at the left end of the support of f. 
So a typical positive element looks like: 




An element of / is right-sided if both pointers are at the left end of the sup- 
port. The monoid of right-sided elements is generated by {xi,X2, . . . , .Tj^^, .t^^, . . .}. 

An element which is both positive and right-sided is called strongly positive. 
The monoid of strongly positive elements is generated by {xi,X2 . • .}• 
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Chapter 4 

Lengths in F 



In this chapter, we derive a formula for the lengths of elements of F with respect 
to the {xo,Xi} generating set. This formula uses the two-way forest diagrams 
introduced in chapter 3. 

Lengths in F were first studied by S. B. Fordham in his 1995 thesis (recently 
published, see [Ford] ) . Fordham gave a formula for the length of an element of F 
based on its tree diagram. Our length formula can be viewed as a simplification 
of Fordham's work. 

V. Cuba has recently obtained another length formula for F using the "di- 
agrams" of Cuba and Sapir. See [Gubaj for details. 

The material in this chapter represents joint work with my thesis advisor, 
Kenneth Brown. It was originally published in [BeBr^ . 



4.1 Lengths of Strongly Positive Elements 

We shall begin by investigating the lengths of strongly positive elements. The 
goal is to develop some intuition for lengths before the statement of the general 
length formula in section 4.2. 

Recall that an element is strongly positive if it lies in the submonoid gen- 
erated by {xi,X2, . . .}. Equivalently, / is strongly positive if and only if the 
entire bottom forest of / is trivial and both pointers are at the left edge of the 
support: 
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Logically, the results of this section depend on the general length formula. 

In particular, wc need the following lemma: 

Lemma 4.1.1. Let f € F be strongly positive. Then there exists a minimum- 
length word for f with no appearances of x^^. 

This lemma is intuitively obvious: there should be no reason to ever create 

bottom carets, or to delete top carets, when constructing a strongly positive 
element. Unfortunately, it would be rather tricky to supply a proof of this fact. 
Instead we refer the reader to corollary 4.3.8, from which the lemma follows 
immediately. 

From this lemma, we see that any strongly positive element f ^ F has a 
minimum-length word of the form: 

Xq^ Xl * * * Xq X\Xq^ 

where ao, . . . , € Z. Since / is strongly positive, we have: 

ao H h a„ = 

and 

ao-\ + > (for i = 0, . . . , n — 1) 

Such words can be represented by words in {xi,X2, ■ ■ ■} via the identifications 

= Xq~"xiXq~^ . For example, the word: 

-5 -2 4-3 6 

3jq X\ "^Q X\ Xq X\ Xq X\ Xq 

can be represented by: 

Xq Xs X4 Xj 

More generally: 

Notation 4.1.2. We will use the word: 
in {xi,X2, . . .} to represent the word: 

J^l JjI U/q Xr Xq 

in {a;o,a;i}. 

Note then that xt^ ■ ■ ■ Xi^Xi^ represents a word with length: 

{\l-in\-\ h lis - i2\ + |«2 - ill + |ii - 1|) + n 

We now proceed to some examples, from which we will derive a general theorem. 
ExEmiple 4.1.3. Let f G F he the element with forest diagram: 
I 

. . . . . /\ 



49 



There arc only two candidate minimum-length words for /: X3XS and X7X3. 
Their lengths are: 

(2 + 5 + 7) + 2 = 16 for the word x^xg 

and (6 + 4 + 2) + 2 = 14 for the word 2:7X3. 

Let's see if we can explain this. The word XsXs = Xq'^XiXq^XiXq corresponds 
to the following construction of /: 

1. Starting at the identity, move right seven times and construct the right 
caret. 

2. Next move left five times, and construct the left caret. 

3. Finally, move left twice to position of the bottom pointer. 

This word makes a total of fourteen moves, crossing twice over each of seven 
spaces: 



On the other hand, the word X'^X^ — Xq XiXqXiXq corresponds to the fol- 
lowing construction: 

1. Starting at the identity, move right twice and construct the left caret. 

2. Next move right four more times, and construct the right caret. 

3. Finally, move left six times to the position of the bottom pointer. 
This word makes only twelve moves: 

! 2 : 2 2 ! 2 • 2 • 2 



In particular, this word never moves across the space under the left caret. It 
avoids this by building the left caret early. Once the left caret is built, the word 
can simply pass over the space under the left caret without spending time to 
move across it. 

Terminology 4.1.4. We call a space in a forest interior if it lies under a tree 
(or over a tree, if the forest is upside-down) and exterior if it lies between two 
trees. 
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ExEimple 4.1.5. Let f € F he the element with forest diagram: 




Clearly, each of the five exterior spaces in the support of / must be crossed 
twice during construction. Furthermore, it is possible to avoid crossing any of 
the interior spaces by constructing carets from left to right. In particular: 

Xq Xq X2 

is a minimum-length word for /. Therefore, / has length: 

(5 + 1 + 3 + 1) + 6 = 16 

It is not always possible to avoid crossing all the interior spaces: 
Example 4.1.6. Let f G F he the element with forest diagram: 




Clearly, each of the two exterior spaces in the support of / must be crossed 
twice during construction. However, the space marked (?) must also be crossed 
twice, since we must create the caret immediately to its right before we can 
create the caret above it. 

It turns out that these are the only spaces which must be crossed. For 
example, the word: 

X3 X4, Xs Xi 

crosses only these spaces. Therefore, / has length: 

(2 + 1 + 1 + 2 + 0) +4 = 10 

Recall that a word: 

is in anti-normal form if ik+i > ik~^ for all k. While normal form corresponds 
to building carets from right to left, anti- normal form corresponds to building 
carets from left to right (i.e. constructing the leftmost possible caret at each 
stage). 
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As wc have seen, the anti-normal form for a strongly positive clement has 
minimum length, since it crosses only those spaces that must be crossed. We 
can get an explicit length formula by counting these spaces: 

Theorem 4.1.7. Let f G F be strongly positive. Then the length of f is: 

2n(/) + c(/) 

where: 

1. n{f) is the number of spaces in the support of f that are either exterior 
or lie immediately to the left of some caret, and 

2. c{f) is the number of carets of f . □ 

Example 4.1.8. Let f G F he the element with forest diagram: 




Then c(/) = 8 and n(/) = 5, so / has length 18. The anti-normal form for / is: 

X4X^X4,X2X3Xi 

Therefore, a minimum- length {a;o, a;i}-word for / is: 

_3 I 2 2 1 2 2 

Xq X\Xq X-^^XqXiXqX\Xq X\XqX-^ 

Because the anti-normal form is the unique terminal vertex in the word 
graph (see section 2.5), we can put any positive element into anti-normal form 
by repeatedly applying the operations: 

^k^n ^ Xji—iXk {k <^ n 1) 

This gives us an entirely algebraic algorithm for finding the length of an element. 
Example 4.1.9. Let's find the length of the element: 

Xi xl Xq X-j Xw 

We put the word into anti-normal form: 

Xi x\ Xq X-j Xiq 

= Xi xi xl X6 xr (xio moved left) 

= Xi x\ x^ Xq Xi {x\ moved right) 

= Xi X2 X3 Xi X2 Xl {x2 moved right) 

Therefore, the length is: 

(3 -1-2 + 1 + 1 + 2 + 1 + 0) + 7= 17 
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4.2 The Length Formula 



We now give the length formula for a general element of F. Afterwards, we will 
give several examples to illustrate intuitively why the formula works. We defer 
the proof to section 4.3. 

Let f £ F, and let f be its reduced forest diagram. We label the spaces of 
each forest of f as follows: 

1. Label a space L (for left) if it exterior and to the left of the pointer. 

2. Label a space N (for necessary) if it lies immediately to the left of some 

caret (and is not already labeled L). 

3. Label a space R (for right) if it exterior and to the right of the pointer 

(and not already labeled N). 

4. Label a space I (for interior) if it interior (and not already labeled N). 
We assign a weight to each space in the support of f according to its labels: 

bottom label 



top 
label 





L 


N 


R 


I 


L 


2 


1 


1 


1 


N 


1 


2 


2 


2 


R 


1 


2 


2 





I 


1 


2 









Example 4.2.1. Here are the labels and weights for a typical forest diagram: 



L • L • L R • N R • N 

1112112022 
• L "^^^^ L«L«L\Iy» I^R-R 



2 
N 



R • 


I 



Theorem 4.2.2 (The Length Formula). Let f G F, and let f be its reduced 

forest diagram. Then the {xq, xi} -length of f is: 

m = W) + h{f) 

where: 

1- ^o{f) is the sum of the weights of all spaces in the support off, and 
2. ii{f) is the total number of carets in f. 
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Remark 4.2.3. Intuitively, the weight of a space is just the number of times 
it must be crossed during the construction of /. Hence, there ought to exist 
a minimum- length word for / with io{f) appearances of xq or Xq^ and ii{f) 
appearances of xi or x^^. This will be established at the end of the next section. 

Exeimple 4.2.4. Let / € -F be the element from example 4.1.8: 




00220220200 
•R«R«R«R«R«R«R«R«R«R«R« 



Then = 10 and hif) = 8, so / has length 18. 

In general, suppose / € F is strongly positive, and let f be its reduced forest 



diagram. Then every space of f is labeled 



has weight 0, and each 



and hence: 



or 



Each 



space 



"n 




R 


R 


or 


R 



space has weight 2, so that: 
4(/) = 2n(/) 

4(/)+^i(/)-2n(/)+c(/) 



Therefore, the length formula of theorem 4.2.2 reduces to theorem 4.1.7 for 
strongly positive elements. 

Exeimple 4.2.5. Let f G F he the right-sided element with forest diagram: 



2 
I J' R • 




R • R • N -^I^ I 

2 2 2 2 
,N\I>»R»R»NvI 



I 

2 
N 




Then io{f) = 12 and ii{f) = 10, so / has length 22. One minimum-length word 
for / is: 

— 1 —1 —1 —3 3 —1 —1 —1 —1 —1 3 

X^Xq X-^ XqX-^ Xq X\XqX-^Xq X-^ Xq X-^ XqX-^ Xq 
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In general, every space in the forest diagram of a right-sided element is 
labeled either N, R, or I. The weight table for such spaces is: 



bottom label 



N 



R 



I 



top 
label 



N 
R 
I 



2 

2 
2 



2 

2 




2 






Observe that a space has weight 2 if and only if: 

1. It is exterior on both the top and the bottom, or 

2. It lies immediately to the left of some caret, on either the top or the 



This can be viewed as a generalization of the length formula for strongly positive 
elements. Specifically, if / is right-sided, then: 



where n{f ) is the number of spaces satisfying condition (1) or (2), and c(/) is 
the number of carets of /. 

As with strongly positive elements, it is intuitively obvious that this is a 
lower bound for the length. Unfortunately, wc have not been able to find an 
analogue of the "anti-normal form" argument to show that it is an upper bound. 

Example 4.2.6. Let f G F he the left-sided element with forest diagram: 



Then £o{f) = 15 and ^i(/) = 7, so / has length 22. 

It is interesting to note that every interior space of / has weight 1: for trees 
to the left of the pointer, one cannot avoid crossing interior spaces at least once. 
Specifically, each caret is created from its left leaf, and we must move to this 
leaf somehow. 

One minimum-length word for / is 



bottom. 



£(/)=2n(/)+c(/) 




•^I N L • L ^l^ L -^N -^I^* L • 

1112 2 112 112 
•L»L«L«L«L»L»L»L«L«L«L» 




4 2 -2 -3 2 -3 -1 - 
XqX-^^Xq XiXq X-^Xq XiXq XiXq 



-2 



Note that this word creates carets right to left. 
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Example 4.2.7. Let / G F be the element with forest diagram: 



• L -^I^ N -^n* L «^ L • L R • N 

10112211102220 
V^^^^ L • L • L L • R • R • R • R • N "^y^*^ 

Then i'o(/) = 16 and (i{f) = 13, so / has length 29. One minimum-length word 
for / is: 

— 2 —1 —2 2 3 2 —2 —1 —2 —1 —1 —1 



This is our first example with 



the pointer. In particular, observe that the 
must crossed twice. 



pairs: note that they only need to be crossed 
ve bottom trees to the left of 
pair to the left of the pointers 



once. Also note how it affects the length to have bottom trees to the left of 

"n" 



4.3 The Proof of the Length Formula 

We prove the length formula using the same technique as Fordham |Ford| : 

Theorem 4.3.1. Let G be a group with generating set S, and let £: G —^ N be 

a function. Then £ is the length function for G with respect to S if and only if: 

1. £{e) = 0, where e is the identity of G. 

2. \£{sg) - £{g)\ < 1 for all g e G and s £ S. 

3. If g G G \ {e}, there exists an s £ S U S^^ such that £{sg) < £{g). 

Proof. Conditions (1) and (2) show that ^ is a lower bound for the length, and 
condition (3) shows that £ is an upper bound for the length. □ 

Let £ denote the function defined on F specified by Theorem 4.2.2. Clearly 
£ satisfies condition (1). To show that £ satisfies conditions (2) and (3), we need 
only gather information about how left-multiplication by generators affects the 
function £. 

Terminology 4.3.2. If / e F, the current tree of / is the tree in forest diagram 
indicated by the top pointer. The right space of / is the space immediately to 
the right of the current tree, and the left space of / is the space immediately to 
the left of the current tree. 
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Note that, if the top pointer is at the right edge of the support of /, then 
the right space of / has no label. Similarly, if the top pointer is at the left edge 
of the support, then the left space of / has no label. 

Proposition 4.3.3. If f G F, then £{xof) = i{f) ± 1. Specifically, £{xof) < 
£{f) unless one of the following conditions holds: 

1. xof has larger support than f. 

2. The right space of f has bottom label L, and left-multiplication by xq does 
not remove this space from the support. 



3. The right space of f is labeled 



Proof. Clearly ^i(.xo/) = £-i{f )- As for £o, note that the only space whose label 
changes is the right space of /. 

Case 1 : Suppose xof has larger support than /. Then the right space of 



/ is unlabeled, and has label 

Case 2: 
f has label 



in Xof. Hence to{xof) = £o{f) + 1- 



, but becomes unlabeled in xof. Hence £o{xof) = £o{f) — 1- 



Suppose Xof has smaller support than /. Then the right space of 
R 
L 

Case 3: Suppose xof has the same support as /. Then the right space of 
/ has top label N or R, but top label L in xq/. The relevant rows of the weight 
table are: 

bottom label 







L 


N 


R 


I 


top 


L 


2 


1 


1 


1 


label 


N 


1 


2 


2 


2 




R 


1 


2 


2 






Each entry of the N and R rows differs from the corresponding entry of the L 
row by exactly one. In particular, moving from an R or N row to an L row 



only increases the weight when in the L column or when starting at 



□ 



Corollary 4.3.4. Let f e F. Then £{xq V) < ^(/) «/ only if one of the 
following conditions holds: 



1. XQ^f has smaller support than f. 

2. The left space of f has label 



3. The left space of f has label 



and the current tree is trivial. 
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Proposition 4.3.5. Let f G F. If left-multiplying f by xi cancels a caret from 

the bottom forest, then £{xif) — £{f) — 1. 

Proof. Clearly £i{xif) = ii{f) — 1. We must show that £o remains unchanged. 



Note first that the right space of / is destroyed. This space has label 



and hence has weight 0. Therefore, its destruction does not affect £o- 

The only other space affected is the left space of /. If this space is not in 
the support of /, it remains unlabeled throughout. Otherwise, observe that it 
must have top label L in both / and .ti /. The' relevant row of the weight table 
is: 





L N R I 


L 


2 111 



In particular, the only important property of the bottom label is whether or not 
it is an L. This property is unaffected by the deletion of the caret. □ 

Proposition 4.3.6. Let f G F, and suppose that left-multiplying f by Xi creates 
a caret in the top forest. Then i{xif) = i{f) ±1. Specifically, £{xif) = £{f) — 1 



if and only if the right space of f has label 



Proof. Clearly £i {xif) = £i{f ) + l. As for £o, observe that the only space whose 
label could change is the right space of /. 

Case 1: Suppose xif has larger support than /. Then the right space of 



/ is unlabeled, but has label 



in xif. This does not affect the value of £o. 



Case 2: Otherwise, note that the right space of / has top label N or R. If 
the top label is an N, it remains and N in xif. If it is an R, then it changes to 
an I. The relevant rows of the weight table are: 



bottom label 



top 
label 





L 


N 


R 


I 


R 


1 


2 


2 





I 


1 


2 









Observe that the weight decreases by two if the bottom label is an R, and stays 
the same otherwise. □ 

We have now verified condition (2). Also, we have gathered enough infor- 
mation to verify condition (3): 

Theorem 4.3.7. Let f G F be a nonidentity element. 

1. If current tree of f is nontrivial, then either £{x^^ f) < £{f), or£{xof) < £{f). 

2. If left-multiplication by x\ would remove a caret from the bottom tree, then 
£{x^f)<£{f). 
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3. Otherwise, either l{xof) < i{f) ori{xo'^f) < l{f). 
Proof. 

Statement 1 : If £{xi^f) > £{f), then the right space of x^^f has type 



The right space of / therefore has type 



R or N 
R or N 



, so that e{xof) < £{f). 



Statement 2: See proposition 4.3.5. 

Statem,ent 3: Suppose £{xQf) > £{f). There are three cases: 
Case 1 : The right space of / is not in the support of /. Then the left space 



of / has label 



L 




L 




L 


R 






, or 






L 


I 



. In all three cases, £{xq ^/) < £{/)■ 



Case 2: The right space of / has bottom label L, and right-multiplication 
by xo does not remove this space from the support. Then the left space of / 



must have label 



L 




L 




or 




L 


I 



, and hence £{xq V) < ^(/)- 



Case 3: The right space of / has label 



. Then the tree immediately to 



the right of the top pointer is trivial, and the bottom leaf under it is a right leaf. 
If the bottom leaf under the top pointer were a left leaf, then left-multiplying 
/ by xi would cancel a caret. Hence, it is also a right leaf, so the left space of 



/ has label 



. We conclude that i{xo^f) < £{f). 



□ 



Corollary 4.3.8. Let f G F, and let f be the reduced forest diagram for f . 
Then there exists a minimum-length word w for f with the following properties: 

1. Each instance of xi in w creates a top caret off. 

2. Each instance of x^^ in w creates a bottom caret off. 

In particular, w has £i(f ) instances ofxi orx^^, and£o{f ) instances of xq or x^^ . 

Proof. By the previous theorem, it is always possible to travel from / to the 
identity in such a way that each left-multiplication by x\ deletes a bottom caret 
and each left-multiplication by x^^ deletes a top caret. □ 

Of course, not every minimum- length word for / is of the given form. We 
will discuss this phenomenon in the next section. 



4.4 Minimum-Length Words 

In principle, the results from the last section specify an algorithm for finding 
minimum-length words. (Given an element, find a generator which shortens it. 
Repeat.) In practice, though, no algorithm is necessary: one can usually guess a 
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minimum-length word by staring at the forest diagram. Our goal in this section 

is to convey this intuition. 

Example 4.4.1. Let / be the element of F with forest diagram: 




f 

Then there is exactly one minimum-length word for /, namely: 

where u = xIxq^xixo- Note that the trees of / are constructed from left to 
right. 

Similarly, has forest diagram: 




and the only minimum-length word for / ^ is: 

— 1 —1 —1 —1 —1 —1 3 

Note that the trees of are constructed from right to left. 
ExEimple 4.4.2. Let / be the element of F with forest diagram: 




There are precisely four minimum- length words for /: 

Xg^ VXqV Xq V .To 
Xq"^ V Xq'^ V Xq V .Tq 

Xg^ vxi^^ vxjvxo 
Xo^vx^^vx^^vxl 

where v = a;^a;o"^a;|f^a;oa;|f^. In particular, each of the first two components 
can be constructed either when the pointer is moving right, or later when the 
pointer is moving back left. 
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ExEimple 4.4.3. Let / be the element of F with forest diagram: 



f 




• • • • 




There are precisely two minimum-length words for /: 

^ Xq^ X\ XqVX^U Xq 
Xq"^ Xq^ V Xq^ Xi XqU Xq 

where u = xIxq^xiXq and v = x^Xq^x^^xox^^. Note that the first component 
must always be constructed on the journey right, and the second component 
must always be constructed on the journey left. The only choice lies with the 
construction of the third component: should it be constructed when moving 
right, or should it be constructed while moving back left? 

In general, certain components act like "top trees" while others act like "bot- 
tom trees" , while still others are "balanced" . For example, the forest diagram: 




• • • 



must be constructed from left to right (so all the components act like "top 
trees"). The reason is that the three marked spaces each have weight 0, so 
that each of the three highlighted carets must be constructed before the pointer 
can move farther to the right. Essentially, the highlighted carets are acting like 
bridges over these spaces. 

The idea of the "bridge" explains two phenomena we have already observed. 
First, consider the following contrapositive of proposition 4.3.6: 

Proposition 4.4.4. Let f £ F, and suppose that the top pointer of f points 
at a nontrivial tree. Then £ [x^^f) < i{f) unless the resulting uncovered space 



has type 



□ 



This proposition states conditions under which the destruction of a top caret 
decreases the length of an element. Essentially, the content of the proposition 
is that it makes sense to delete a top caret unless that caret is functioning as 
a bridge. (Note that the deletion of any of the bridges in the example above 
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R- 

would result in an space.) It makes no sense to delete a bridge, since the 

bridge is helping you access material further to the right. 

Next, recall the statement of corollary 4.3.8: every f £ F has a minimum- 
length word with £i{f) instances of xi or x^^ and £o{f) instances of a;o or Xq^. 
After the corollary, we mentioned that not every minimum-length word for / is 
necessarily of this form. The reason is that it sometimes makes sense to build 
bridges during the creation of an element: 

Example 4.4.5. Let / be the element of F with forest diagram: 
Then one minimum-length word for / is: 

XqX-^ Xq X\Xq 

This word corresponds to the instructions "move right, create the top caret, 
move left, create the bottom caret, and then move back to the origin" . However, 
here is another minimum- length word for /: 

XqX-^^ (^Xq X^ Xq )xi(^XqX^) 

In this word, the "move right" is accomplished by building three temporary 
bridges: 



^ ; 

These bridges are torn down during the "move left" . 
Finally, here is a third minimum-length word for /: 

—3 2 —1 —2 / 3\ 

In this word, bridges are again built during the "move right", but they aren't 
torn down until the very end of the construction. 

We now turn our attention to a few examples with some more complicated 
behavior. 

Example 4.4.6. Let / be the element of F with forest diagram: 



f 
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There are four different minimum-length words for /: 

—3 —1 2 —1 2 —1 2 
X^Xq CC "^X q3C "^30 q CC"]^ XqX X'^q '^Q 

_1 3 _i 2 —1 2 2 

"^1*^0 *^1'^0 X']^XqX']^Xq X']^XqX'\^Xq 

-2 ^ -2 -12 2-12 
Xq Xj^.X'q X\Xq X\XqX\XqX\X(^ X\Xq 

— 1 —2 —2 —1 2 2 2 

t^l^^O t^'l'^Q iZ^liZ^Q ^Tl^QXlXQiiCliiCQ 

Note that each of the first two components may be either partially or fully 
constructed during the move to the right. This occurs because the trees in this 
example do not end with bridges. (Compare with example 4.4.1.) 

Example 4.4.7. Let / be the element of F with forest diagram: 

. . . . /\ /\ 



t 




There is exactly one minimum- length word for /: 

Note that the highlighted caret must be constructed last, since the space it spans 
should not be crossed. However, wc must begin by partially constructing the 
first component, because of the bridge on its right end. 
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Chapter 5 

Applications 



This chapter contains various appUcations of forest diagrams and the length 
formula. Some of the material in this chapter represents joint work with my 
thesis advisor, Kenneth Brown. Sections 1 and 2 were originally published in 
[BeBr] . 

5.1 Dead Ends and Deep Pockets 

In |ClTalj ■ S. Cleary and J. Taback prove that F has "dead ends" but no 
"deep pockets". In this section, we show how forest diagrams can be used to 
understand these results. 

Definition 5.1.1. A dead end is an element f £ F such that i{xf) < l{f) for 
all X £ {xo,xi,Xq^,x^^]. 

Example 5.1.2. Consider the element f £ F with forest diagram: 

Left-multiplying by Xq^ decreases the length since the left space of / is of type 
^ . Left-multiplying by xq or xi decreases the length since the right space of 

. Finally, left-multiplying by x^^ decreases the length since it 

deletes a top caret and the right space of Xi^f is not of type 

This example is typical: 



/ is of type 
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Proposition 5.1.3. Let f € F. Then f is a dead end if and only if: 
1. The current tree of f is nontrivial, 



2. The left space of f has label 



R, 

3. The right space of f has label ^ 
4- The right space of x^^f does not have label 



Proof. The "if" direction is trivial. To prove the "only if" direction, assume 

that / is a dead end. Then: 

Condition (1) follows from the fact that i^x^^f) < £{f) (see proposition 

4.3.5) . 

Condition (2) now follows from the fact that £ [x^^f) < £{f) (see corollary 
4.3.4). 

Condition (3) now follows from the fact that £{xif) < £{f) (see proposition 

4.3.6) . 

Condition (4) now follows from the fact that £ [x^^f) < £{xif) (see proposi- 
tion 4.3.6). □ 



Note that there arc several ways to meet condition (4): the right space of 



a;^ ^/ could be of type 



(as in example 5.1.2), or it could be of type 



• • • 



or it could just have an N on top: 
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Notice also that the proof of proposition 5.1.3 did not use the hypothesis that 
(■ (xof) < ^(/)- In particular, if the length of / increases when you left-multiply 
by xi, Xi^, and x^^ , then / must be a dead end. 

Definition 5.1.4. Let £ N. A k-pocket of F is an element f ^ F such that: 

for all si,...,Sfc e {xo,Xi,Xq^,x^^,1}. 

Note that a 2-pocket is just a dead end. S. Cleary and J. Taback demon- 
strated that F has no fc-pockets for fc > 3. We give an alternate proof: 

Proposition 5.1.5. F has no k-pockets for fc > 3. 

Proof. Let / G be a dead-end element. Then the right space of / has label 
R, 

, so the tree to the right of the top pointer is trivial. Therefore, repeatedly 
left-multiplying xof by will create negative carets: 

^ ^ . . . /\ 

; X/ 

In particular, x^^x^^^xof has length £{f) + 1. □ 



5.2 Growth 

We can use forest diagrams to calculate the growth function of the positive 
monoid with respect to the {xq, xi} generating set. Burillo [Bur] recently arrived 
at the same result using tree diagrams and Fordham's length formula: 

Theorem 5.2.1. Let pn denote the number of positive elements of length n, 
and let: 

oo 
n=0 

Then: 

\ — x^ 

P(^) = 1 - 2x - x2 x3 
In particular, pn satisfies the recurrence relation: 

Pn = 2p„_i + Pn-2 - Pn-3 

for all n > 3. 
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Proof. Let P„ be the set of all positive elements of length n. Define four subsets 

of Pn as follows: 

1. An — {f £ Pn '■ the ciirrcnt tree of / is trivial and is not the leftmost tree} 

2. Bn = {f & Pn '■ the current tree of / is nontrivial, but its right subtree is 
trivial} 

3. C„ = {/ e P„ : the current tree of / is trivial and is the leftmost tree.} 

4. Dn = {f & Pn '■ the current tree of / is nontrivial, and so is its right 
subtree.} 

Given an element of we can remove the current tree and move the pointer 
left, like this: 



— > 



t t 

This defines a bijection A„ Pn-i, so that: 

|^n| — \Pn—l I 

Given an element of -B„, we can remove the top caret together with the 
resulting trivial tree, like this: 




t f 

This defines a bijection S„ Pn-i, so that: 

\Bn\ = \Pn-l\ 

Given an element of Cn , we can move both the top and bottom arrows one 
space to the right, like this: 

> 

f f 
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When n > 2, this defines an injection ip: C„ Pn-2- The image of tp is all 
elements of Pn-2 whose current tree is the first tree. 

Finally, given an element of Z)„, we can remove the top caret and move the 
pointer to the right subtree, like this: 




/\ /\ /X \ /\ /\ 



This defines an injection ?/; : _D„ — > Pn-2- The image of if) is all elements of Pn-2 
whose current tree is nontrivial, and is not the first tree. In particular: 

(imi^) U (imV') = Pn-2 - An-2 

so that: 

\Cn\ + \Dn\ = \Pn-2\ - \An-2\ = \Pn-2\ - \Pn-?\ 

This proves that p„ satisfies the given recurrence relation for n > 3. It is not 
much more work to verify the given expression for □ 

5.3 The Isoperimetric Constant 

Let G be a group with finite generating set E, and let F denote the Cayley 
graph of G with respect to E. If S" C G, define: 

8S — {edges in F between S and S"^} 

The isoperimetric constant of G is defined as follows: 

t(G,S) = mf : S* C G and IS*] < oo 

Theorem 5.3.1 (F0lner). The group G is amenable if and only if l (G, E) — 0. 

Proof See [Waj] . □ 

Guba [Guba] has shown that {xq, xi}) < 1. In this section, we shall 
prove a slightly better estimate: 

Theorem 5.3.2. l(F, {xo,xi}) < 1/2. 
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The proof will occupy the remainder of this section. 

Define the height of a binary tree to be the length of the longest descending 
path starting at the root and ending at a leaf. Define the width of a binary 
forest to be the number of spaces in its support. For each n,k G N, let Sn.k 
denote all positive elements whose forest diagram has width at most n and all 
of whose trees have height at most k. We shall show that: 

\SSn,k\ 1 

lim lim = - 

First of all, observe that each element of Sn,k can be represented by a finite, 
n-space binary forest together with a pointer pointing to one of the trees: 




1 • 2 • 3 ■■■ ^ " 'n' 

We shall refer to such an object as a pointed forest. Note that the trivial trees 
on the right of this picture count as part of this pointed forest, even though 
they are not in the support of the standard forest diagram. 

Claim 5.3.3. Let fc G N. If f is a randomly chosen element of Sn,k, then: 
^1^-2 lim p{xT'f^Sr.,k)^0 

\bn,k\ 



Proof. Observe that: 

Now, Sn^k must have the same number of incoming and outgoing edges of each 
type, so both xq terms and both x\ terms must be equal. Therefore: 

= 2P(xo-V i Sn,k)+2P{x^'f ^ Sn,k) 

\'^n,k\ 

Next, note that x^^f ^ Sn,k if and only if the current tree of / is the leftmost 
tree. However, as n — » oo the minimum number of trees in each element of Sn,k 
goes to oo, and hence the probability that the current tree is the leftmost tree 
goes to 0. Therefore: 

lim P{xo'f i 5„,fe) =0 □ 

Now, if / G S.n.k^ then xj~^/ ^ Sn^k if and only if the current tree of / is 
trivial. Therefore, we must determine the probability that the current tree of 
a random pointed forest of width n and height at most k is the trivial tree. 
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(Here and elsewhere the word random means randomly chosen with respect to 
the uniform distribution on pointed forests.) 

Theorem 5.3.4. Suppose we choose a random pointed forest f with n leaves 
and height at most k. Then the limit: 

lim P{the current tree of f is trivial) 

n — >oo 

exists and is the unique positive root of the polynomial equation: 

ti,kP + t2.kP^ + h.kp^ + • • ■ = 1 
where tg^k is the number of binary trees with t leaves and height at most k. 

Proof. Let /„ denote the number of binary forests with n leaves and height at 
most k. Then /„ satisfies the following recurrence relation: 

fn — tl^kfn-l + t2,kfn-2 + ' ' ' 

Observe that tn^k 7^ for < rt < 2*^ and tn^k = for n > 2*^. Using the 
standard theory of linear recurrence relations (see |Bru| ) . we deduce that: 



where p is the unique positive root of the polynomial equation above. 

Now let Rn be the number of pointed forests with n leaves and height at 
most k, and let i?* be the number of such pointed forests whose current tree is 
trivial. Then: 

-R" = /l/n-l + /2/n-2 + ' ' ' + /n/o 

and: 

= /o/ri-1 + /l/n-2 + ' ' ' + /ri-l/o 

Therefore, the probability that the current tree is trivial is given by: 

Rn _ fofn-l + /l/n-2 + ' ■ ■ + fn-lfo 
Rn /l/n-l + /2/n-2 + ' ' ' + fnfo 

It is not hard to show that this approaches p as n 00. In particular, if we 
ignore the first term of the numerator and the middle term of the denominator, 
then each of the remaining terms in the numerator is equal to fm-i/fm times 
the corresponding term in the denominator for some m > n/2. □ 

It is interesting to note that the probability that the current tree is a single 
caret approaches as n ^ 00, since the probability that the current tree is a 
single caret should be equal to the probability that both the current tree and 
the right tree are trivial. More generally, if cr is a fixed binary tree with £ leaves, 
the probability that the current tree is a approaches p^ as n — > 00. This gives 
us a nice intuitive understanding of the polynomial equation in the preceding 
theorem. 
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Now, let ph denote the unique positive root of the equation: 

tk{Pk) = 1 

where tk is the polynomial from theorem 5.3.4: 

tk{x) = ti^kX + t2,kX^ + H,kX^ H = 1 

All that remains is to show that lim pf. = \. 

k — *oo 4 

Note first that a binary tree has height at most k if and only if its left and 
right subtrees both have height at most k — 1. Hence: 

tk{x) = tk-iix)"^ +x 

where the x term corresponds to the trivial tree. This lets us derive the poly- 
nomials tk{x) iteratively, starting at t-i{x) = 0. 
Therefore, to solve the equation: 

tk{Pk) = 1 

we must investigate iteration of the map: 

i + c 

In particular, c = pfe if and only if we arrive at 1 after A; + 1 iterations, starting 
at i = 0. 

1 ~\~ '\/5 

A graph of the equation y = a;^ + c is shown below for c = : 




1 

Since this quadratic arrives at 1 after two iterations, pi = . 

By decreasing c (i.e. moving the parabola down), we can increase the number 
of iterations that it takes to get to 1, and hence find Pk for larger values of k. 
Here's a graph of y = x"^ + pr- 



71 



1 



As fc ^ oo, we must lower the parabola y = + c arbitrarily close to the line 
y = X. They become tangent at c = -, so: 

lim Pk = -, 

k — *oo 4 

This concludes the proof of the theorem. □ 

The following corollary explains one reason that it is difficult to improve 
upon this result: 

Corollary 5.3.5. Let T he any finite set of binary trees which is closed under 
the taking of subtrees, and let Sn,T denote all positive elements whose forest 
diagram has width at most n and all of whose trees are from T . Then: 

\^Sn,T\ ^ 1 



\Sn,T\ 2 

Proof. Let a, be the number of trees in T with i leaves, and let: 

a {x) ~ a\x + a2X^ + a^x^ + ■ ■ ■ 
By the argument above, 

\5Sn.T\ „ 

2p 



\Sn,T\ 



where p is the unique positive root of the polynomial equation a{p) ~ \. 

Let k be the maximum height of the trees in T. Then aj < ti^k for each i, 
so a {x) < tk {x) for all a; > 0. Since a {x) and tk {x) are both increasing, we 
deduce that p > pk, and so p> 1/4. □ 
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Chapter 6 

Convexity 



In this chapter, we prove that F is not minimally almost convex with respect 
to the generating set {xq,Xi}. This improves upon a recent result of S. Cleary 
and J. Taback |ClTa2| . The results in this chapter represent joint work with 
Kai-Uwe Bux, and were originally published in I BeBu| . 

6.1 Convexity Conditions 

A group G is convex (with respect to a given finite generating set) if the n-ball 
B"'{G) is a convex subset of the Cayley graph of G for each n. Very few groups 
are convex, but Cannon [Canj has introduced the following weaker property: 

Definition 6.1.1. A group G is almost convex (with respect to a given finite 
generating set) if there exists an integer L with the following property: given 
any g,h G B"{G) a distance two apart, there exists a path from g to h in B"{G) 
of length at most L. 

There exist examples of groups which are almost convex with respect to one 
finite generating set, but not with respect to another. 

In [Can| , Cannon gave an algorithm to construct arbitrarily large sections of 
the Cayley graph of an almost convex group, thereby solving the word problem. 
He also proved that groups of hyperbolic isometrics, groups of Euclidean isome- 
trics, and small-cancellation groups are almost convex. Coxeter groups are also 
almost convex |DaSh| . as are all discrete groups based on seven of the eight 
three-dimensional geometries |ShSt| . Groups based on the Sol geometry are 
not almost convex [CFGTj . however, and neither are solvable Baumslag-Solitar 
groups |MiSh| . 

The convexity of F was first investigated by S. Cleary and J. Taback |ClTa2| . 
Using tree diagrams and Fordham's length formula, they proved the following: 

Theorem 6.1.2. F is not almost convex with respect to the {xo,xi} generating 
set. 
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Proof. Let / and g be the following two elements, differing only in the position 
of the top pointer: 

/ 9 
II 

• ••• •••• 

• ••• •••• 

t Y 

n 

Clearly / and g are a distance 2 apart, and they both have length 2n + 2: 

I / » i 

•R«R»R» • R i^'n* -L-L* 

022 ••• 20 and II--- 

R • R • -R-R* \^R« 

n 

However, Xof has length 2n + 3: 











• L • 


L • 


1 


2 




R • 


t 





Therefore, the geodesic: 



/ Xof 



leaves the ball of radius 2n + 2. 

In particular, if one wishes to go from g to f inside the ball of radius 2n + 2, 
one must first move all the way to the right and delete the top caret. Therefore, 
the shortest path from / to g in has length at least n. □ 

The notion of almost convexity can be generalized as follows: 

Definition 6.1.3. Let G be a finitely-generated group, and let c: N ^ N be 
any function. We say that G satisfies a weak almost- convexity condition with 
respect to c if, given any g,h G B^{G) a distance two apart, there is a path 
from g to h'm B'^{G) of length at most c(n). 
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Since there is always a path from g to h of length 2n, the weakest nontrivial 
convexity condition occurs when c{n) = 2n — 1. If G satisfies this condition 
(with respect to some finite generating set), we say that G is minimally almost 
convex. 

I. Kapovich [Kap| has shown that any minimally almost convex group is 
finitely presented, and T. Riley [Riley| derives upper bounds for the area func- 
tion, the isodiametric function, and the filling length for minimally almost con- 
vex groups. 

In the next two sections, we will show that F is not minimally almost convex. 
In particular, we will prove the following: 

Theorem 6.1.4. For any even n> A, there exist elements l,r £ F of length n 
such that: 

1. I and r are distance two apart in the Cayley graph of F, and 

2. The shortest path from I to r inside B"{F) has length 2n. 

6.2 F is not Minimally Almost Convex 

Let / and r be the following two elements, differing only in the position of the 
top pointer: 

I r 



n 




Then I and r are clearly a distance two apart in the Cayley graph of F. 
In this section and the next, we shall prove the following: 

Theorem 6.2.1. 

1. Both I and r have length 2n + 2. 

2. Any path from I to r inside the {2n + 2)-ball has length at least An + 4. 
Condition (1) is trivial to verify: 

Lemma 6.2.2. The elements I and r both have length 2n + 2. 
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Proof. Note that the forest diagram for I has exactly n+1 carets. Furthermore, 
its forest diagram has the foUowing weights: 

I 

• L • L • • R • R 

11 ••• 2 

Therefore, I has length (n + 1) + 1 + • • • + 1 + + 2 + = 2n + 2. 

ra-l 

Similarly, r has exactly n+1 carets. Its weights are: 

• L • L • • L • L 

11 •■• 110 

Therefore, r has length (n+l) + H hl + l + l+ = 2n + 2. □ 

n-1 

Remark 6.2.3. Note that the element xqI has weights: 

I 

• L • L • • L • R "O^* 

11 ■■■ 12 

and hence has length 2n + 3. Therefore, the geodesic path 

I xqI r 

leaves the ball of radius 2n + 2. 

The proof of condition (2) is rather technical, so we postpone it until the 
next section. For the remainder of this section, we shall attempt to convey the 
intuitive ideas behind the proof, particularly in the choice of I and r. 

The main idea is as follows. The forest diagram for I and r has a "critical 
line", pictured below: 
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r 



This line has the following crucial property: if one wishes to remain in the 
(2n + 2)-ball, one cannot cross the critical line as long as both of the highlighted 
carets are in place. Therefore, any path in the (2n + 2)-ball from / to r must go 
through the following four stages: 

1. Move to the left, and delete the leftmost caret. 

2. Move to the right (crossing the critical line), and delete the rightmost 

caret. 

3. Move back left (crossing again), and rc-crcatc the leftmost caret. 

4. Move back right (crossing the critical line for a third time) , and re-create 
the rightmost caret. 

Example 6.2.4. The word: 

describes a path in B'^'^+'^{F) from Z to r of length An + 4. Note that the bulk 
of the bottom tree remains intact throughout this path. In particular, this path 

docs not pass through the identity vertex. 

Example 6.2.5. The word 

(xix^+i) (2;r"x„-i) {x^'xoxr') (.xi-T^") 

represents a minimum-length path from I to r that passes through the identity 
vertex. This time, we travel to the right by destroying the bottom tree, and 
travel to the left be re-creating it. 

ExEimple 6.2.6. For n = 8, here is another minimum-length path from I to r: 

(xixJ) Xi X^ (Xi Xq ) (^Xi Xq) ^SJiOJq X^Xq 

In this path, we build carets in the top forest while moving to the left, and 
destroy them later during the final move to the right. (Note that wc have 
underlined the segments of the word under discussion.) The resulting bridge 
saves us travel time during the middle two stages, but its construction and 
demolition cost the same amount of time during the first and last stages. 



• • • 
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Finally, wc would like to give some indication of how the elements I and r 
were chosen. To do so, we give an example of two elements that would not work, 
despite having a similar structure: 

ExEimple 6.2.7. Consider the elements / and g used during the proof of the- 
orem 6.1.2: 



/ 



9 



n 



• • • 

J 



We have previously observed that / and g are a distance 2 apart in the Cayley 
graph of F, and that they both have length 2n + 2. Furthermore, the path 



/ 



xof 



leaves the (2n + 2)-ball. This suggests a "critical line" in the forest diagram 
(already shown), which might lead one to believe that the word: 

{xi^x,) K+^xr^) (xo^xr^) (x^i) 

of length 4n + 4 is a minimum- length path from I' to r' in 

However, this turns out not to be the case. For example, when n = 6, 

(x^'^Xq^Xi) {xqX^^) (xq'^X^^) (xoXjXoXi^ 

is a path from I' to r' of length 24 in Bis ■ This path saves time by building a 
bridge during the initial move to the right: 



V N S 

• ^ i» •» \» «r >i 



t 

This does not cost any extra time during the initial move to the right, but it 
saves an enormous amount time during the subsequent two stages. The bridge 
is torn down during the final move to the left, which again does not cost any 
extra time. 

The key difference between the elements /, g and the element Z, r is that the 
bulk of the support of I and r is to the left of the critical line. This means that 
one must travel left-right-left-right to get from I to r, so that one cannot save 
time by building bridges. 
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6.3 Proof of Condition 2 

Fix a path p from / to r that does not leave We wish to show that 

its length L{p) is at least 4n + 4. 
We claim that it suffices to show: 

Lemma 6.3.1. On the path p, there are two vertices, hi and hr, such that: 

d{hi,hr) >2n + 3 

Why is this sufficient? Well clearly, 

L{p) > d{l, hi) + d{hi, hr) + d{hr,r) 

However, by the triangle inequality: 

d{hi,hr) < d{hi,l) +d{l,r) +d{r,hr) 

Since d{l,r) = 2, we conclude that: 

L{p) > 2 d{hi, hr)-2>An + 4: 

It remains to prove lemma 6.3.1. We begin by formalizing the notion of 
"crossing the critical line" from the previous section: 

Definition 6.3.2. Suppose f e F. 

1. Define the right foot of / to be the rightmost leaf of the current tree of /. 

2. Define the critical leaf of / to be the rightmost leaf of the bottom tree of 
/ currently indicated by the bottom pointer. 

Note that the right foot of I is to the loft of the critical leaf and the right 
foot of r is to the right of the critical leaf. Let hi be the first vertex of p whose 
right foot coincides with the critical leaf, and let hr be the last vertex of p with 
this property. 

Remark 6.3.3. Note that left-multiplication by a generator can change the 

position of the right foot by more than one unit. However, since the tree directly 
above the critical leaf is trivial, the right foot is guaranteed to not jump over 
the critical leaf. 

Lemma 6.3.4. The path p ends with 

XQ^Xi^r — > Xi^r — > r 
In particular, hr — x'^^^x^^r. 

Proof. It is easy to check that every path of length three emanating from r 
either passes through XQ^x^^r or leaves the (2n + 2)-ball. □ 
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Recall that an clement of F is left-sided if both pointers point to the right- 
most trees in the support. Recall also that the width w{f) of an element of F 
is the number of spaces in the support of its forest diagram. 

Lemma 6.3.5. If f G F is left-sided, then: 

Proof. We can associate to each caret in a forest diagram the interior space that 
it covers. In this way, the interior spaces of / each contribute 1 to the length. 
However, since / is left-sided, every exterior space of / is of type L. The claim 
now follows, since the weight of any space is greater than or equal to the number 
of L's in its label pair. □ 

R. 

Remark 6.3.6. Note that this lemma fails for right-sided elements: An ^ - 

space pair has weight 0, and therefore only contributes 1 to the length. Hence, 
the best available estimate for right-sided elements is i{f) > w{f). 

This difference is related to the fact that one can "move right" by dropping 
carets, but one cannot simultaneously build a structure and move left. (Compare 
with example 6.2.7.) 

Proof of Lemma 6.3.1. Note that h~^ has a trivial bottom forest: 




• • • • • 



t 

Therefore, for any f E F, a forest diagram for h^^f can be obtained by stacking 
h~^ on top of /. Moreover, this diagram will be reduced unless the bottom forest 
of / has an exposed caret in exactly the right position (namely, n spaces to the 
left of the critical leaf) to cancel with the unique exposed caret of h~^. 
Consider the element X2. Observe that: 

1. Every left-sided element commutes with X2. In particular, h~^ and X2 
commute. 

2. £{x2f) = i{f) + 3 for any left-sided / e F. 

Now, hi is the first vertex of p whose right foot hits the critical leaf. There- 
fore, when we get to hi in p, we have not yet modified any material to the right 
of the critical leaf. In particular, there is some left-sided h'l £ F satisfying: 

hi = X2h'i 
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Observe that i{h'i) = £{hi) — 3 < 2n — 1, and hence has width strictly less 
than n. Then the stacked diagram for h~^h'i must already be reduced, since 
no caret of /ij is far enough to the left to oppose the grounded caret of h~^. 
From this, wc conclude that h~^h'i has width at least n. Since h~^h'i is strongly 
negative, lemma 6.3.4 implies that: 

e{h-^h'i) > 2n 

and hence: 

d{hi, hr) = i (h-^hi) = £ {x2h-^h'i) = £ (h-^h'i) + 3 > 2n + 3 □ 

6.4 Consequences 

Theorem 6.1.4 has some interesting consequences for the Caylcy graph of F. 
The first holds in any group that is not minimally almost convex, but we state 
and prove it for F: 

Corollary 6.4.1. The Cayley graph for F with respect to {a;o,a;i} contains 
isometrically embedded loops of arbitrary large circumference. 

Proof. Fix an even n > 4, and let I and r be the two elements from Theorem 
6.1.4. Choose geodesies pi and Pr connecting I and r to the identity vertex, and 
extend these arcs to a closed loop using a path of length two from Z to r. We 
claim that this loop 7 (of length 2n + 2) is isometrically embedded. 

Let X € pi and y € Pr, and suppose there were a path q from x to y shorter 
than both arcs connecting x and y inside 7. 



X 




Then the loop 7' (indicated in the picture) is shorter than 7, and hence lies 
entirely inside the n-ball. In particular, the arc q lies entirely inside B^{F), a 
contradiction since this provides a shortcut from Z to r. 

Since the two arcs in 7 from the identity to its antipode are also geodesies, 
the loop 7 is isometrically embedded. □ 

Next, recall that a combing of a group G is, for each g ^ G, a choice of a 
path in the Cayley graph from the identity to g (see section 1.5). A geodesic 
combing is a combing whose paths are geodesic segments. 

The following result holds in any group that is not almost convex, but again 
we state and prove it just for F: 

Corollary 6.4.2. No geodesic combing of F (with respect to {xo,xi}) has the 
fellow traveller property. 
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Proof. Suppose we are given a geodesic combing of F. Given any even n > A, 
consider the elements I and r from Theorem 6.1.4. Since the combing paths pi 
and pr are geodesies, they can be closed to form an isometrically embedded loop 
as in Corollary 6.4.1. In particular, the midpoint of pi has distance n/2 from 
the path pr. □ 

S. Cleary and J. Taback |ClTa2| have also obtained Corollary 6.4.2. 
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Chapter 7 

Strand Diagrams 



We already possess one algorithm for multiplying elements of F using tree dia- 
grams (see example 1.2.6). In this chapter, we develop a much simpler, more ge- 
ometric understanding of multiplication, in the form of strand diagrams. These 
diagrams are closely related to a description of F as the fundamental group of 
the groupoid of fractions of a certain category of finite binary forests. 

The strand diagrams introduced in this chapter are "dual" to the diagrams 
of Guba and Sapir (see |GuSal| ). Matt Brin uses strand diagrams in |Brin| to 
represent elements of the braided Thompson group BV . 

7.1 Strand Diagrams 

The material in this section will be relatively informal, and many of the proofs 
will be omitted. In section 7.2 we will develop a rigorous, algebraic viewpoint 
towards many of the ideas introduced here. 
A strand diagram is any picture of the form: 



A strand diagram is similar to a braid, except that instead of twists, there are 
splits and merges: 
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Y 



split 



merge 



Because of these splits and merges, a strand diagram may begin and end with 
different numbers of strands. 

Notes 7.1.1. 

1. As with a braid, the strands of a strand diagram are required to have 
nonzero slope at all times. Hence, each strand has an "up" direction and 
a "down" direction. 

2. Isotopic strand diagrams are considered equal; that is, a "strand diagram" 

is really an isotopy class of strand diagram pictures. The starting points 
and endpoints of the strand diagram are allowed to move horizontally 
during these isotopies. 

A reduction of a strand diagram is one of the following two types of moves: 



Two strand diagrams are equivalent if one can be transformed into the other 
using reductions and inverse reductions. A strand diagram is reduced if it is not 
subject to any reductions. 

Proposition 7.1.2. Every strand diagram is equivalent to a unique reduced 

strand diagram. 

Notation 7.1.3. If i,j > 1, the notation f:i j will mean "/ is a strand 
diagram that starts with i strands and ends with j strands." 

Given strand diagrams / : i ^ j and g: j ^ k, the concatenation f ■ g: i ^ k 
is obtained by attaching g to the bottom of /. For example, if / and g are the 
strand diagrams: 






and 




then f ■ g is the strand diagram: 
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Proposition 7.1.4. Concatenation of strand diagrams is well-defined with re- 
spect to equivalence. 

If / : i ^ j and g: j ^ k are reduced strand diagrams, define the composition 
fg: i k to be the reduced strand diagram equivalent to f ■ g. 

Proposition 7.1.5. The collection of reduced strand diagrams forms a groupoid 
under composition (with one object for each positive integer). 

The identity morphism on n is just the trivial strand diagram with n strands. 
Inverses are obtained by reflection across a horizontal line: 





The following theorem explains our interest in strand diagrams: 

Theorem 7.1.6. The fundamental group of the groupoid of strand diagrams is 
Thompson's group F. 

That is, given any positive integer n, the group of all reduced strand diagrams 
that begin and end with n strands is isomorphic with F. 

Informal Proof. Define a forest to be any reduced strand diagram that has no 
merges. Observe that each forest is essentially just a finite sequence of binary 
trees. We claim that every reduced strand diagram is the concatenation of a 
forest and an inverse forest. 

Given any picture of a reduced strand diagram, we can draw a curve with 
the following properties: 

1. Every path from the top to the bottom of the strand diagram crosses the 
curve exactly once. 

2. Every split lies above the curve, and every merge lies below the curve. 
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Cutting along this curve gives the desired decomposition. 

In particular, any reduced strand diagram that begins and end with one 
strand is the concatenation of a tree and an inverse tree: 




This is the tree diagram for the corresponding element of F. □ 

Because of this theorem, we will refer to the groupoid of strand diagrams as 
Thompson's groupoid T . 

Observe that we have skirted the issue of whether composition of reduced 
strand diagrams in fact corresponds to multiplication in F . We will prove this 
in an algebraic context in the following section. 



7.2 Thompson's Groupoid 

In this section we define Thompson's groupoid algebraically and show that its 
fundamental group is isomorphic with Thompson's group F. 
First we define the category of forests V: 

Objects: There is one object of V for each positive integer. 

Morphisms: A morphism i j is a. finite binary forest with i trees and j 

total leaves. 

Composition: If /: i ^ j and g: j ^ k, the composition fg:i^k\s 
obtained by attaching the roots of the trees of g to the leaves of / in an 
order-preserving way. 
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Note that we are composing elements of V using the same "backwards" 
convention that we have been using throughout. 
For < n < let : ui ^ w + 1 be the forest: 

1 w-1 
• • • • • 

Then any forest is a product of the a;„'s since any forest can be obtained from 
a trivial forest by attaching carets. If we attach carets from left to right, we get 
the normal form: 

Proposition 7.2.1. Every nontrivial morphism ofV can be expressed uniquely 
as: 

^,10^,11 . r^a„ 

where oq, . . . , a„ e N and a„ 7^ 0. □ 

Corollary 7.2.2. The category V has the following presentation: 

Generators: One generator a;„ : w — > w + 1 for each < n < w. 
Relations: One relation: 

W > W + 1 > W + 2 = W > W + I > W + Z 

for each < k < n < w. 

We wish to construct T as the groupoid of fractions for the category V. 
We begin with a brief general discussion concerning groupoids of fractions. See 
|ClPr| for proofs of the statements below in the context of semigroups and groups 
of fractions. 

Definition 7.2.3. Let C be any category. A groupoid of right fractions for C is 
a groupoid Q containing C, and having the following properties: 

1. Every object of G is an object of C. 

2. Every morphism of G can be expressed as pq~^, where p and q are mor- 
phisms of C. 

An expression of the form pq~^, where p and q are morphisms in C, is called 
a right fraction. 

Proposition 7.2.4. Let C be a category with groupoid of right fractions G ■ If 
Piqi^ and P2<l2^ '^''"^ right fractions, then piqf ^ = P2q2^ '/ '^'^'^ '^''^^V */ there 
exist morphisms ri,r2 in C making the following diagram commute: 







87 



Based on this proposition, it is clear that any two groupoids of fractions for 
a given category are isomorphic. The foUowing theorem gives necessary and 
sufficient conditions for a category to have a groupoid of fractions: 

Theorem 7.2.5. Let C be any category. Then C has a groupoid of fractions if 
and only if C has the following properties: 

1. (C is cancellative) For any morphisms such that the stated compositions 
exist: 

pr = qr => P = Q and lp = Iq => P = q 



2. (C has common right multiples) Given any morphisms p,q with the same 
domain, there exist morphisms r, s such that pr = qs. □ 

Theorem 7.2.6. The category V has a groupoid of right fractions T . 

Proof. V is clearly cancellative. Next, suppose that / and g are any two mor- 
phisms with the same; domain w (so / and g arc forests with w trees). Let n 
be the maximum height of all of the trees in / and g. Then / and g have as a 
common right multiple the forest with w complete binary trees of height n. □ 

Remark 7.2.7. A strand diagram picture is just a word in the a;„'s and a;~^'s. 
In particular, suppose we have a strand diagram picture with the property that 
all merges and splits occur at different heights. Then each split corresponds to 
an instance of some a;„, and each merge corresponds to an instance of some x~^. 

If we perform an isotopy on a strand diagram that causes the heights of two 
intersections to switch, it corresponds to an application of one of the following 
types of relations: 



X^Xk 


— XkXn+1 






Xn ■^k 


= XkX^j^-^ 


Xj. Xn 


= -l^n + l-T^fc 






k 


— Xn+lX)- 



The two reductions: 




correspond to cancelling an x~^Xn or XnX~^ pair, respectively. 

This explains why the groupoid JF constructed above is the same as the 
groupoid of strand diagrams defined in section 7.1. 

Theorem 7.2.8. The fundamental group of T is isomorphic with Thompson's 
group F. 
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Proof. Let VC be the groupoid of closed intervals and piecewise-linear homeo- 
morphisms. Define a homomorpliism (functor) p: V VC as follows: 

1. p{w) = [0,w] for any positive integer w. 

2. li Xn'- w ^ w + 1, then p{xn) ■ [0, w] [0,w + 1] is the homeomorphism 
with slope 1 on [0, n] U [n + 1, w] and slope 2 on [n, n + 1]. 

It is easy to verify that p respects the relations in V, and is therefore a well- 
defined homomorphism. Observe also that p is one-to-one on morphisms. 

Note that, if / : 1 ^ w, then p{f) is a homeomorphism that sends the inter- 
vals of some dyadic subdivision of [0, 1] linearly onto the intervals [0, 1], . . . , [to — 

Since VC is a groupoid, the monomorphism p: V ^ VC extends to a 
monomorphism p: —> VC. If /: 1 ^ 1 is any morphism of T, then / = pq~^ 
for some morphisms p,q: \ ^ w oiV , and therefore /?(/) is the homeomorphism 
[0, 1] [0, 1] that sends the intervals of the dyadic subdivision for p linearly to 
the intervals of the dyadic subdivision for q. We conclude that the image under 
p of 7ri(F, 1) is precisely the group F. □ 

Using an argument similar to the proof of theorem 1.1.2, one can show that 
the image of [F) under p is precisely the set of piecewise-linear homeomorphisms 

/: [0,i] — > [0,j] such that: 

1. All slopes of / are powers of 2, and 

2. All breakpoints of / have dyadic rational coordinates 

Theorem 7.2.8 yields an alternate derivation of the standard presentation 
for F: 

Theorem 7.2.9. Thompson's group F has presentation: 

{xo,Xi,X2, ... I XnXk = XkXn+l for k < u) 

Proof. Since is the groupoid of fractions for V, the presentation for is 
the same as the presentation for C. Therefore, is generated by elements 
xlr^ : w ^ w + 1 with relations xl^^x''^'^^^ = x^k"^x!^l^^^ {0 < k < n < w): 




To find a presentation for tti (.F, 1), we must choose a spanning subtree of 
the graph of generators to contract. We choose the subtree {x'q^ , x^^ , x'2^ ,■■■}'■ 
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Therefore, tti{T,1) is generated by elements x^"^ {n < w — I). The relations 
xli""* x^i^~^^^ = x^i^^ x^_^l^^^ become: 



when n — w — I and: 



(m+l) (to) 
•^k — -^k 



•^n -^k ~ "^k -^n+l 



for n < w — 1. These reduce immediately to the standard relations for F, where 
Xn is the element 

_ (ri+3) _ (n+4) _ , _ |-| 

O/^ Oj^ I — I 



7.3 Strand Diagrams and Braids 

The similarity between strand diagrams and braids is more than superficial: it 
is possible to develop some of the theory of F in analogy with the development 
of the theory of braid groups. In this section, we describe a classifying space for 
F that is analogous to the standard classifying spaces for the braid groups. 

A braid is essentially just the path of motion of n points in the plane, i.e. a 
loop in the configuration space on n points in M^. The following is well-known: 

Theorem 7.3.1. Let B„ denote the braid group on n strands, and let Xn be 
the configuration space of n points in . Then Xn is a classifying space for 
R". 

Proof See [FaNe] . □ 

A strand diagram represents the motion of finitely many points on the real 
line, with the points allowed to split and merge in pairs. We wish to construct 
the corresponding "configuration space" . 

Let Xw be the collection of all w-tuples {to,ti, . . . ,tw-i) satisfying: 

1- to < ti < ■ ■ ■ < and 

2. ~ ti > 1 for all i. 

(The purpose of the second condition is to prevent three points from merg- 
ing simultaneously.) Let X be the disjoint union of the X^'s, subject to the 
identifications: 

{to, ti, . . . , ti^^i) = (to, ti, . . . , tm tm ■ ■ ■ , 
Theorem 7.3.2. X is a classifying space for F. 
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We will sketch of proof of this theorem for the remainder of this section. 
Many tedious topological details will be omitted. 

For i,j > 0, let [i j] denote all morphisms in Thompson's groupoid 
from i to j. For each w, let X^^ = X^, x [1 — > w], where the set [1 w] has 
the discrete topology. Let X be the disjoint union of the Xw's, subject to the 
identifications: 

{{to, ti, . . . , tyj-i), /) = {{to,ti, . . . ,tn,tn, ■ ■ ■ , tw-l), fXn) 

There is an obvious left-action of F on X, with^quoticnt X. It is not hard to 
see that this is a covering space action, so that X is a covering space of X. We 
claim that X is contractible. _ 

The plan is to exhibit an explicit contraction of the space X. Observe that 
an element x of X is essentially just a strand diagram that starts with 1 strand 
and ends with w strands, together with specified positions for the endpoints. 
The idea is to choose our "favorite picture" D of this strand diagram, and then 
"run the diagram backwards". That is, assuming D has height 1, we will move 
X along the path which at time t is represented by the initial segment of D with 
height \ — t. The trick is to find a way of choosing our "favorite picture" that 
varies continuously with position in X. 

However, we would first like to simplify the situation. Let Y be the subspace 
of X consisting of all w-tuples with first coordinate 0. To specify an element of 
Y , we need only specify the distances between the w strands: 

(0, fl, . . . , tw-l) = \tl, t2 — tl, . . . , tyj-l — tyj-2] 

Notice that a tuple [di, . . . , specifies an element of Y if and only if each 

dn>0 and dn + dn+i > 1 for all n. Let Y be the subspace of X that maps onto 
Y. Then X clearly deformation retracts onto Y. We will exhibit an explicit 
contraction of the space Y. 
Now some terminology: 

Definition 7.3.3. Suppose that /: 1 — > w. 

1. We say that the n'th strand of / has just merged if right-multiplication 
by x„ would cancel a merge in the strand diagram for /. 

2. We say that strands n and n+1 have just split if right-multiplication by 

would cancel a split in the strand diagram for /. 

For example, if / is the element: 
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then strand 1 has just merged, and strands 2 and 3 have just spUt. ^ 
Wc arc now ready to describe the contraction of Y . Suppose that y G F, 
with distances [di, . . . ,dw-i] and strand diagram /: 1 ^ w. Then y moves as 
follows: 

1. If strand n has just merged in /, and dn-i,dn > 1, then strand n imme- 
diately splits. That is, a is inserted between dn-i and d„, and this 
begins increasing at unit speed. 

2. If strands n and n + 1 have just split, then the distance d„ decreases at 
unit speed until it reaches 0, at which point dn is removed. 

3. Otherwise, the distance rf„ moves toward 1 at unit speed. 

Note that the point y might take arbitrarily long to reach the basepoint of 
Y. Therefore, the described contraction takes place during the time interval 



[0,oo]. 



□ 



ExEimpIe 7.3.4. Let y be the point ([1,0.8, 1, 0.6], a;oa;2a;4a;3 ^): 




1 0.8 1 0.6 



Then y moves towards the basepoint of Y as follows: 
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Time 


Position in Y 


Position in T 


Movement 





[1, -8,1, .61 

L ■ ' " J 


3 -1 

U ^ ^ O 




0.2 


[.8, 1,1, .8] 


3 —1 


rfi — > 0, ^4 — > 1 


0.4 


[.6,1,1,1] 




Strand 3 splits. 


0.4 


[-6,1,1,0,1] 


XqX2X4 


di ^ 0, da ^ 0, (i4 ^ 1, (is ^ 


1 


[0,1,. 4, .6, .4] 


XQX2Xi 


Strands and 1 merge. 


1 


[1,.4,.6,.4] 


xlxixz 


d2 ^ 0, da 1, (i4 ^ 


1.4 


[1,0,1,0] 


xlxiX2, 


Strands 1, 2 and 3, 4 merge. 


1.4 


[1,1] 


Xq 


di ^ 


2.4 


[0,1] 


Xq 


Strands and 1 merge. 


2.4 


[1] 


Xo 


di^O 


3.4 


[0] 


Xo 


Strands and 1 merge 


3.4 


[] 


identity 


Basepoint reached. 



The path foUowed by this element can be summarized by the following dia- 
gram: 



3.4 



2.4 



1.4 

0.4 
0.2 


1 0.8 1 0.6 
7.4 Other Thompson Groups 

There are several groups similar to F that also have strand diagrams. In this 
section, we will briefly introduce each of these groups and discuss the corre- 
sponding strand diagrams, as well as algebraic constructions of the correspond- 
ing groupoids. As an application, we shall compute an infinite presentation for 
each of these groups. Because they are based on strand diagrams, these presen- 
tations all admit a "normal form" similar to the normal form for elements of 
F. 

The Groups T and f 

We shall begin by discussing Thompson's Group T, which is a "circular" version 
of Thompson's group F. 
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Let tt: [0, 1] — *■ be the quotient map. A dyadic subdivision of is any 
image under tt of a dyadic subdivision of [0, 1]. A dyadic rearrangement of is 
any homeomorphism that maps the intervals of one dyadic subdivision 

hnearly onto the intervals of another, preserving the cyclic order of the intervals. 
For example, if V and TZ are the subdivisions: 




then there exists a dyadic rearrangement of that sends the intervals (a, 6, c, d) 
linearly onto the intervals {B,C,D,A). 

The set T of all dyadic rearrangements of forms a group under compo- 
sition. It is isomorphic to the group of cyclic-order preserving automorphisms 
of a free Cantor algebra (see section 1.6 for a definition of Cantor algebras, and 
see |Broj for details). The group T was introduced by Thompson, who proved 
that T is finitely presented and simple. (See |CFP] for a published version of 
these results, and a thorough introduction to T.) Like F, the group T has type 
Foo (see |Broj ). 

We can represent any element of T by a pair of binary trees, together with 
a cyclic permutation of the leaves. For example, the element above can be 
represented by the diagram: 




This is called a tree diagram for an element of T. (It can be helpful to think 
of a tree diagram as being embedded on the cylinder, with the dashed lines 
identified.) The tree diagram for the above element is not reduced: 
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A cylindrical strand diagram is any strand diagram that is embedded on the 
cylinder: 




I 



Two cylindrical strand diagrams are equivalent if one can be obtained from the 
other by a sequence of: 

1. reductions, inverse reductions, and 

2. Dehn twists of the cylinder. 

(Allowing Dehn twists is necessary because a rotation of the circle by 2n is 
equal to the identity in T. Equivalently, we could allow the begin-points and 
cndpoints to move horizontally around the circle during isotopics.) The group 
of all equivalence classes of cylindrical strand diagrams that start and end with 
one strand is isomorphic with Thompson's group T. 

A cylindrical strand diagram is really just a word for an clement of a cer- 
tain groupoid. In particular, let P[1'w] be the category of "forests plus cyclic 
permutations" obtained from V by attaching a copy of at each vertex w: 
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Then is generated by the morphisms Xn - w ^ w + 1 {n < w) from V 

together with one morphisni uju, : w ^ w for each w > 2 satisfying the relations: 




It is not hard to show that 7'[Z„] is cancellative and has common right 
multiples, so by theorem 7.2.5 V[Zn] has a groupoid of right fractions T. 

Proposition 7.4.1. The groupoid T has fundamental group T. □ 

We can use this to calculate a presentation for T: 

Theorem 7.4.2. The group T is generated by elements {xo,xi,X2, ■ ■ ■} and 
{u2,u>3,u>i, ■ ■ ■}, with relations 

< = 1 

XnXk = XkXn+1 forn>k 

and: 

uJnXk = Xk+ii^n+i for k <n-2 
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Proof. Since T is the groupoid of fractions of P[Z^], the presentation for T 
is the same as the presentation for V[Zyj]. Therefore, T is generated by the 
elements : w ^ w + 1 and uj^: w ^ w with relations: 

(w) (w+l) _ (w) (w+1) 
W*" = 1 



(w) (w) 2 

To find a presentation for 7ri(T, 1), we use the morphisms ajg^^ s^^^ a;2^\ ... as 
a spanning tree. As in theorem 7.2.9, the first family of relations implies that: 

„(n+2) _ (n+3) _ (n+4) _ . . . 
•^n •^n •^n 

in 7ri(T, 1) for each n. If we label this element Xn, then the remainder of the 
first family of relations reduces to: 

XnXk = XkXn+1 for n > fc 

The third family of relations yields: 

LOwXn = Xn+lU)u,+l {n < W - 2) 

and: 

'^■wXyj-2 = l^W + l 

in the case when n = w — 2. Finally, the fourth family of relations reduces to: 

There is another group T that is similar to T but torsion-free, namely the 
lift of T in the group of PL-homeomorphisms of M. It is the fundamental group 
of the groupoid of right fractions of a category V[Z] which can be constructed 
by attaching a copy of Z to each object of V: 




The generators of the Z's are required to satisfy the same relations in ^[Z] that 
the generators of the Z^^.'s satisfied in VIZ^], excepting the relations = 1. 
Elements of this groupoid can also be represented by cylindrical strand dia- 
grams, except that two diagrams that differ by a Dehn twist are not equivalent. 
Hence the element: 
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is not trivial in T. 

Theorem 7.4.3. The group T is generated by the elements {xq, xi, X2, ■ ■ ■} and 
{wi,a;2,a'3, . . .}, with relations: 

XnXk = XkXn+i for k < n 
iVnXk = Xk+iUJn+1 for k < n - 2 

Un = XQUjfi+i for n> 1 

It is not hard to show that: 

Li:\ = Li:\ = = ■ ■ ■ 

in T and that this element is central. (It corresponds to a "rotation of the circle 
by an angle of 27r".) Therefore, the epimorphism T ^ T has kernel Z. 

It seems likely that there is a classifying space for T similar to the one for 
F constructed in the previous section, i.e. the "configuration space" of finitely 
many points on a circle, with the points allowed to split and merge in pairs, but 
the details have yet to be worked out. 

The Groups V and BV 

An element of Thompson's Group V is obtained by sending the intervals of 
some dyadic subdivision of [0, 1] linearly onto the intervals of another, except 
that the order of the intervals may be arbitrarily permuted. Note that this 
produces bijections [0, 1] — > [0, 1] that are not continuous. (By convention, all 
functions in V are required to be continuous from the right. Alternatively, one 
can define F as a group of homeomorphisms of the Cantor set.) 

The set of all elements of V forms a group under composition — it is the same 
as the group called V in section 1.6. This group was introduced by Thompson 
along with F and V . He proved that V is simple and finitely presented. (See 
|CFP| for a published version of these results, and a thorough introduction to 
V.) Like F and T, the group V has type Foo (see [Broj ). 

Recall that an element of V can be represented by a pair of binary forests, 
together with any permutation of the leaves: 
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This is called a tree diagram for an element of V. 

There is also a groupoid of strand diagrams corresponding to V. An element 
of this groupoid is a strand diagram with splits, merges, and crosses: 




Two V-strand diagrams are equivalent if one can be obtained from the other 
by a sequence of reductions, inverse reductions, and homotopies. The group 
of all equivalence classes of these strand diagrams that start and end with one 
strand is isomorphic with Thompson's group V. 

It is possible to construct this groupoid algebraically as follows. Let 
denote the permutation group on 0, 1, . . . , w — 1, and let s„ : T,^ ^w+i be 
the function that "doubles" whichever element maps to n. For example, if a is 
the permutation: 




then So{a) is the permutation: 
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Note that s„ is not a homomorphism — it is just a function from to S^+i- 
Now let ^[E^] be the category of "forests plus permutations" obtained from 
V by attaching a copy of at each vertex w: 




with relations: 



For example: 



cFXn=x„-i(^n)Sn{o-) (cr € and n< 





crxo 



X2 So(o-) 



It is not hard to show that 7'[Stu] is cariccllativo and has common riglit multiples. 
Its groupoid of right fractions V has fundamental group V . 

To derive a presentation for recall that the symmetric group is gen- 
erated by the adjacent transpositions ii, . . . , im-i, with relations: 

tl=l 



and 



It is easy to check that: 



tn+1 i < n - 1 

tntn+1 i = n-l 
tn+ltn i = n 
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Theorem 7.4.4. The group V is generated by the elements {xq, xi, X2, ■ ■ ■}, 
{^ij ^2, ^3, ■ • and {ui,U2,U3, . . .}, with relations: 

XnXk = XkXn+1 for k < n 
t'^ — tl'^ = \ 

tntji+ltn ^n+l^n^n+li ^n^n+l^n ^n+l^n^7i+l 



and: 



tnXk=Xktn+l, UnXk = XkUn+l fork<n-l 
tn-^n—l — -^ntntn+l : ^n-^n—l — 

tkXn = Xntk fork<n 



Proof. The groupoid V is generated by elements x> 



1 (n < w) and 



w) 



W 



w (l < n < w) with relations: 

(w) (w + l) _ (w) (w+1) 
Xn X^ — X^ -(-n+l 

(d'-y = 1 

Aw),{w) ,(w) Aw) ,(w),{w) 



Aw) [w) 

Aw) (w) 
k 



{w)Aw+l) 

Aw)J^) _ J^)A^+i)Aw+i) 
(w) Aw+i)Aw+i) 

(w) (w+l) 
Xn l^k 



{k < n < w) 

{1 < n < w) 

(n + 1 < w) 

(k + 1 < n < w) 

{n < w) 

{n < w) 

{k < n < w) 



Again, the first family of relations implies that V contains a copy of F. Substi- 
tuting n ^ w — 1 into the last family of relations gives: 



(fc+2) 



(fc+3) 



Ak+i) 



Let tk denote this element, and let Uk denote the element t^, 
relations for V reduce to the given relations for V = 7ri(V, 1). 



(fc+i) 



Then the 
□ 



There is a braided version of V called BV, introduced by Matt Brin |Brin| . 
It is the fundamental group of the groupoid BV of right fractions of the category 
VlBw] obtained by attaching a copy of the braid group Bw to each object of V: 




This category satisfies the relations: 

bxn = a;;,~i(„)S„(6) (b e B^j and n < w) 
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where b ^{n) indicates the action of the braid b ^ on n via the projection 

is the function that doubles the n'th strand of 

a braid: 




b so{b) 
Any element of the groupoid BV can be represented by a braided strand diagram: 




Theorem 7.4.5. The group BV is generated by the elements {xo,Xi,X2, ■ ■ ■}, 
{ti,t2,ts, . . .}, and {ui,U2,U3, . . .}, with relations: 

XnXk = XkXn+i fork<n 

and: 

tnXk = Xktn+1, UnXk = XkUn+1 for fc < n - 1 

tn^n—l ~ •^n^n^n+lt ^n^^n— 1 ~ |— j 

tri'^n — Xji — itji^itji^ Xlji — XT^—\V,ji-^\tfi 

tkXn = Xntk for k <n 



102 



Bibliography 



[BeBr] James M. Belk and Kenneth S. Brown. "Forest Diagrams for Elements 
of Thompson's Group F" . Preprint (2003), to appear in Internat. J. 
Algebra Comput, arXiv:math.GR/0305412, 

[BeBu] James Belk and Kai-Uwe Bux. "Thompson's Group F is Maximally 
Nonconvex". Preprint (2003), arXiv:math.GR/0301141 , 

[Brin] Matthew G. Brin. "The Algebra of Strand Splitting. I. A 
Braided Version of Thompson's Group y. Preprint (2004), 
|arXiv:math.G R/0406042[ 

[BrSq] Matthew G. Brin and Craig C. Squier. "Groups of Piecewise Linear 
Homeomorphisms of the Real Line". Invent. Math. 79 (1985), no. 3, 
485-498. 

[Bro] Kenneth S. Brown. "Finiteness Properties of Groups". J. Pure Appl. 
Algebra 44 (1987), 45-75. 

[Bro2] Kenneth S. Brown. "Semigroups, Rings, and Markov Chains". J. The- 
oret. Prohah. 13 (2000), no. 3, 871-938. 

[BrGe] Kenneth S. Brown and Ross Geoghegan. "An Infinite-Dimensional 
Torsion-Free FPoo group". Invent. Math. 77 (1984), no. 2, 367-381. 

[Bru] Richard A. Brualdi. Introductory Combinatorics, Second Edition. 
North-Holland Publishing Co., New York (1992). 

[Bur] Jose Burillo. "Growth of Positive Words in Thompson's Group F". 
Preprint (2003). 

[Can] James W. Cannon. "Almost Convex Groups". Geom. Dedicata 22 
(1987), 197-210. 

[CFGT] J. W. Cannon, W. J. Floyd, M. A. Grayson, and W. P. Thurston. 

"Solvgroups are not Almost Convex". Geom. Dedicata 31 (1989), no. 
3, 291-300. 



103 



[CFP] J. W. Cannon, W. J. Floyd, and W. R. Parry. "Introductory Notes 
to Richard Thompson's Groups". L'Enseignement Mathmatique 42 
(1996), 215-256. 

[Chou] Ching Chou. "Elementary Amenable Groups". Illinois J. Math. 24 
(1980), no. 3, 396-407. 

[ClPr] A. H. Clifford and G. B. Preston. The Algebraic Theory of Semigroups, 
Vol. I. American Mathematical Society, Providence (1961). 

[ClTal] Scan Clcary and Jennifer Taback. "Combinatorial Properties of Thomp- 
son's Group F". Trans. Amer. Math. Soc. 356 (2004), 2825 2849. 

[ClTa2] Sean Cleary and Jennifer Taback. "Thompson's Group F is not Almost 
Convex". J. Algebra 270 (2003), no. 1, 133-149. 

[DaSh] Michael W. Davis and Michael Shapiro. "Coxeter Groups are Almost 
Convex". Geom. Dedicata 39 (1991), no. 1, 55-57. 

[Dy] Jerzy Dydak. " A Simple Proof that Pointed FANR-Spaces are Regular 

Fundamental Retracts of ANR's" . Bull. Acad. Polon. Sci. Sr. Sci. Math. 
Astronom. Phys. 25 (1977), no. 1, 55-62. 

[Eps] D. B. A. Epstein. "The Simplicity of Certain Groups of Homeomor- 
phisms". Compositio Mathematica22 (1960), 165-173. 

[ECH] D. B. A. Epstein, J. W. Cannon, D. F. Holt, S. V. F. Levy, M. S. Pater- 
son, W. P. Thurston. Word Processing in Groups. Jones and Bartlett 
Publishers, Boston (1992). 

[FaNe] Edward Fadell and Lee Neuwirth. "Configuration Spaces". Math. 
Scand. 10 (1962), 111 118. 

[Ford] S. Blake Fordham. "Minimal Length Elements of Thompson's Group 
F". Geom. Dedicata 99 (2003), 179-220. 

[FrHe] Peter Freyd and Alex Heller. "Splitting Homotopy Idempotents. H." 
J. Pure Appl. Algebra 89 (1993), no. 1-2, 93-106. 

[Grig] R. I. Grigorchuk. "Degrees of Growth of Finitely Generated Groups 
and the Theory of Invariant Means". Math. USSR-Izv (Izv. Akad. Nauk 
SSSR Ser. Mat.) 48 (1984), no. 5, 939-985. 

[GuSal] Victor Cuba and Mark Sapir. "Diagram Groups" . Mem. Amer. Math 
Soc. 130 (1997), no. 620, 1-117. 

[GuSa2] Victor Guba and Mark Sapir. "The Dehn Function and a Regular Set 
of Normal Forms for R. Thompson's Group F" . J. Austral. Math. Soc. 
Ser. A 62 (1997), no. 3, 315-328. 



104 



[Guba] Victor Guba. "On the Properties of the Cayley Graph of Richard 
Thompson's Group i^". Preprint (2002), arXiv:math.GR/0211396, 

[Guba2] Victor Guba. "The Dehn Function of Richard Thompson's Group F is 
Quadratic". Preprint (2002), arXiv:math.GR/0211395, 

[dlH] Pierre de la Harpe. Topics in Geometric Group Theory. University of 
Chicago Press, Chicago (2000). 

[Hig] Graham Higman, "Finitely presented infinite simple groups" . Notes 
on Pure Mathematics, No. 8 (1974). Department of Pure Mathemat- 
ics, Department of Mathematics, I.A.S. Australian National University, 
Canberra (1974). 

[Kap] Ilya Kapovich. "A Note on the Poenaru Condition" . J. Group Theory 
5 (2002), no. 1, 119-127. 

[Mat] John N. Mather. "Commutators of Diffeomorphisms" . Comment. Math. 
Helv. 49 (1974), 512-528. 

[MiSh] Charles F. Miller III and Michael Shapiro. "Solvable Baumslag-Solitar 
Groups are not Almost Convex". Geom. Dedicata 72 (1998), no. 2, 
123-127. 

[01] A. Y. Ol'shanskii. "On the Problem of the Existence of an Invariant 
Mean on a Group". Russian Math. Surveys (Uspekhi Mat. Nauk) 35 
(1980), no. 4, 199-200. 

[Riley] Tim R. Riley. "The Geometry of Groups Satisfying Weak Almost- 
Convexity or Weak Geodesic-Combability Conditions." J. Group The- 
ory 5 (2002), no. 4, 513-525. 

[ShSt] Michael Shapiro and Melanie Stein. "Almost Convex Groups and the 
Eight Geometries". Geom. Dedicata 55 (1995), no. 2, 125-140. 

[Wag] Stan Wagon. The Banach-Tarski Paradox. Cambridge University Press, 
Cambridge (1985). 



105 



